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INTENSITY AND CONTRAST OF A HOLOGRAPHIC IMAGE

Daniel Malacara Herndndez

ABSTRACT

In this paper the intensities of holographic images are described by means of graphs obtained using a digital
computer. The film characteristic curve is either assumed to be linear of that the maximum and minimum exposures
are both on the straight portion of this curve. The contrast of a hologram from a continuous tone object is also found.
All of these results are found assuming that the photographic emulsion is thin enough to be considered as two dimen-
sional.

Introduction

The holographic formation of images was first proposed by Gabor (1949) and later advanced
by H. M. A. El-Sum (1952), but the extensive research in this field really began when E. Leith and
J]. Upatnieks (1963) published the procedure in order to make holograms from continuous tone
objects using a gas laser. Leith and Upatnieks (1964) also made the first three-dimensional holograms
and now even three dimensional color holograms have been made by several authors, like A. A. Frie-
sem and R. ]J. Fedorowicks (1966) as first proposed by Leith and Upatnieks (1964).

Many papers have been published about the applications of holography, for instance to micro-
scopy by Leith, Upatnieks and Haines (1965); to correction of lens aberrations by Upatnieks, Vander
Lugt and Leith (1966); to surface deformation measurement by Haines and Hildebrand (1966); to
interferometry by Hildebrand and Haines (1966), etc.
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Fig. l.—Characteristic Curve of the Film.
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The purpose of this paper is to describe the intensities of the holographic images my means
of graphs obtained using a digital computer. The contrast of the image from a continuous tone ob-
ject is also found.

All of these results are found assuming that the photographic emulsion is thin enough to be
considered as two-dimensional. Storage ol information in thick emulsions has been considered in
detail by P. J. Heerden, (1963) Y. N. Denisyuk (1963) and later by Leith et al. (1966).

Mathematical Treatment

The characteristic curve of the film is in Fig. 1 where the slope of the straight portion is y and
log E, is the inertia of the film. Now, let us assume that the maximum and minimum exposures
given to any part of the hologram are such that the straight portion of the curve is always used.
Under these conditions the resulting amplitude film transmission is given by (J. C. Wyant, 1966).

where E (x) is the exposure as defined by:
E(x) =1 (x) t; (2)
here, I (x) is the intensity of the light and ¢ is the exposure time.
If the exposure is to remain within the desired limits, if must be satisfied that:
E(x) > En. 3)
If the amplitude of the reference beam is A, and the amplitude ol the beam to be reconstructed
is A,, it can be easily shown that the intensity I (x) is given by: (see Stroke, 1966)
I(x) = A2 + A2 + A4, cos (a x + ¢ (x)) (1)

where a gives the relative inclination of one wavefront with respect to the other and ¢ (x) gives the
deformations of the wavefront to reconstruct with respect to the reference wavefront. The reference
wavefront is not necesarily flat,
Sustituting (2) and (4) in (1), the amplitude transmission of the processed film is:
A2+ A2 24,4, co5 {(ax + ¢ (x))

T (x) = - (®)
E,/t

If  is equal to —2 the analysis of this equation is very simple, but it becomes more compli-
cated otherwise. This equation can be analized by expanding it in a series, and has been done by
Stroke (1966) and M. Francon (1966) but not in the correct manner, since it was a Taylor series and
not a Fourier series and even the first order term is different for both series.

Expanding in a Fourier series, the coeficients represent the amplitude of each diffraction order.
As it has bee said (Wayant, 1966) there is one image for each diffraction order, but the most impor-
tant ones are the two first order images.

Intensities of the Images

In order to find the intensities of the image we must first find the :1mp1itudc by expanding
in a Fourier series as explained before. Let us define an average exposure as follows:

Em' - (An2 "+‘ A.;-Q); (6)
which is the exposure that would be given the hologram if the light intensity were measured with

a exposure meter having a large sensitive area. It is assumed to be the same for all holograms and it
is therefore considered as a constant. With this definition Eq. b can be written as:

T (x) = [i—]’ [1 2 (—I"—ﬁ—) os (a x + ¢ (x»]% ()
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From Eq. 3 it can be shown that:

(E, E,)%

0< 2 - 1 (8)
thus, delinin:
2 (E,E,)%
A= ; (9
Eoy
and
v=ax+4 (x) (10)

T (x) is given by:

Tiee) = [ 1{”] e [1 4+ 4 cos 1;,] . (11)

m

It will be assumed that  is such that the [ringe spacing is so small that 4 can be considered
constant in a small region containing several fringes. The Fourier series representing 7T (x) is given by:

B,

T (x) = —

—_ B, cos ny (12)
2

Edde

=

where Bn represents the amplitude of the orden n. For simplicity it will be assumed that there is a
single well defined wavefront to reconstruct and not many as in the case where an extended object
Is to be reconstructed. The coefficients B, will be given by:

1 Ewq/s o7 —y/2
B, — — [ ] j[l 1 cos wl " cos n o dap. (13)

A k.,

In the case ol an extended object, we can consider that there are several wavelronts with dif-
ferent amplitudes Ex and directions w each interlering with the reference beam; therefore for any
point on the image, the ratio of amplitudes B, /B, will be much smaller than predicted if there were
a single point object to reconstruct. The image size is directly proportional to the order n therefore
il the object is extended there should be considered an extra [actor O the ratio of intensities

. . ) . . . n
(Bu/B,)%. This explains why the high order images are not easily observed.

Computation of Amplitude Ratios

Considering the object as a point, the ratio of the amplitude of its image to the amplitude of
the zero order is:

_ f [1 4+ A cos 1,0] J Lms p d“;"
B, o g

—_ = 5 14
B T v/ ()

o /2
J‘ [[ -+ A cos w] dy

-7

considering this equation and integrating numer ically on a digital computer for several values of A
in the range defined by Eq. 8, the curves in Fig. 2 were found. It can be seen that the ratio of in-
tensities (B1/B,)? is almost independent of the sign of the y of the film, and that in increases with
4. The quantity 4 is related to the ratio R of the intensities of the two interfering beams by means
of the equation:

2 R%
A=_"7" (15)
1 + R
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Fig. 4.—Ratio of Intensities R wvrs A.

which was obtained from Eqgs. (9) and (6). This relation is plotted in Fig. 4.
Not taking into account the mentioned tactor— | the ratio of the amnlitude ol the second order

- - . e - 112
image to the amplitude of the first order image is given by:

- -/,
J [i -+ A cos 1,;;]  cos 21 dy
— = ’ (16)
v/,

s‘- [l -+ A cos 'P] " cos 2y dy

The results obtained for several values ol 4 and are plotted in Fig. 3 where it can be seen that
the second order image does not exist when y — — 2 as it was to be expected. The photographic
negative (positive y) is scen to give more intensity to the second order image.

The absolute amplitude of the first order image, that is, without refering it to the zero order
amplitude is much more complicated to obtain because of the factor in front of the integral dependes
on yp and it is not exactly known. This amplitude is given by:

1 1“‘({ v _T,l"l 2 e ~¥/2
By = — [——] f [1 + 4 cos y] dy (14)
JT E,n (Y
g L . - . [‘:Lﬂf .
T'he difficulty in evaluating exactly the integral arises because the ratio | —— ) is not exactly

known but at least a rough estimation of B, can be obtained setting this approximate value:
; ; I ,
log E,, — log E,, = = — (15)
s
where the positive sign is taken when y is positive and viceversa. Therefore:
1 | |_; e /e
By, = — (10) g [l + 4 cos ] cos  dy (16)

Jt -
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Fig. h—Amplitude of First Order wvrs A.

This amplitude B, vrs A is plotted in Fig. 5 where it can be noticed that the relation is ol-
most linear when it is negative. Any uncertaintly in Eq. 15 changes the relative position of the curves
but not its shape.

The amplitude B, can also be plotted against p, but any error in Eq. (15) affects the shape of
the curves.

Contrast of Continuous Tone Images

In order to find the contrast of a continuous tone image, it is necessary to compute the chages
in the intensity B2 of the first order image when the intensity of the object 1s changed, keeping the
reference beam constant. Under these conditions the average intensity can not be considered constant,
and therefore it can be shown that B; has to be written as:

1 . E, 4-Ivl/2

e e [__] f[(l + R)(1 + cos w}] Gok g (17)
Il‘m .
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Fig. 6.—Contrast of Continuous Tone Image for A\"egah'i,-ﬂ ¥.

o

where E is the intensity of the reference beam multiplied by the exposure time. R is the ratio of
intensities defined before B;! was written, to distinguish it from the B, defined in Eq. (16) in which
E,, is constant.

Here we take following approximate value for K, E,:
1

log E, — log E,, = —, (18)
4

where the positive sign is taken when y is positive, and viceversa.

The graphs in Figs. 6 and 7 where obtained using these relations. Noticing that the scale is
not the same in both curves, it can be concluded from them that the contrast is much higher for
positive y, that is, for the negative picture. The contrast of the reconstructed image is seen to depend
on the value of p, mainly for positive p. Also, from Eq. 17, the contrast depends on the ratio (E,/E,).
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