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Galaxy Mass Evolution
Two Fundamentally Distinct Approaches

Population Statistics Physical Evolution

• Stellar Mass Functions 
• Cosmic Star Formation Rate Density 
• Mass-Size Relation 
• Mass-Metallicity Relation 
• … 

Meaningful Link?

• Stellar Mass Growth 
• Gas inflow/outflow 
• Metal enrichment 
• Feedback 
• … 
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FIG. 3.— Top panel: Evolution of the stellar mass function from z = 0
to z = 8 in the best fitting model (colored lines), compared to observations
(points with error bars; for clarity not all data is shown). Bottom panel:
Observational constraints on the cosmic star formation rate (black points),
compared to the best-fit model (red solid line) and the posterior one-sigma
distribution (red shaded region).

I) used in this work.

5. RESULTS

The method presented above results in a posterior distribu-
tion for the set of parameters describing models that match
observed stellar mass functions, specific star formation rates,
and cosmic star formation rates from z = 0 to z = 8. All data
results in this paper are available for download online.4 Our
best-fitting parameters with one-sigma limits are as follows:

Intrinsic Parameters:

ν = exp(−4a2)
log10(ϵ) =−1.777+0.133

−0.146+ (−0.006+0.113
−0.361(a−1)+ (−0.000+0.003

−0.104)z)ν +
−0.119+0.061

−0.012(a−1)
log10(M1) = 11.514+0.053

−0.009+ (−1.793+0.315
−0.330(a−1)+ (−0.251+0.012

−0.125)z)ν
α=−1.412+0.020

−0.105+ (0.731+0.344
−0.296(a−1))ν

δ = 3.508+0.087
−0.369 + (2.608+2.446

−1.261(a−1)+−0.043+0.958
0.071 z)ν

γ = 0.316+0.076
−0.012 + (1.319+0.584

−0.505(a−1)+0.279+0.256
−0.081z)ν

log10(Mh,ICL) = 12.515+0.050
−0.429+ (−2.503−0.202

−2.078)(a−1)

4 http://www.peterbehroozi.com/data.html
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FIG. 4.— The best fitting model (red line) and posterior one-sigma distri-
bution (red shaded region) for the evolution of the specific star formation rate
from z = 0 to z = 8, compared to observational estimates (black points).

ρ0.5 = 0.799+0.028
−0.355

Systematic Parameters:

µ=−0.020+0.168
−0.096+0.081+0.078

−0.036(a−1)
κ= 0.045+0.110

−0.051 + (−0.155+0.133
−0.133)(a−1)

ξ = 0.218+0.011
−0.033 +−0.023+0.052

−0.068(a−1)
σ = 0.070+0.061+0.017

−0.008(z−0.1)
ci(z) = 0.273+0.103

−0.222(1+ exp(1.077+3.502
−0.099− z))−1

b= 0.823+0.043
−0.629

Our total χ2 error for the best-fit model from all sources
(observational and theoretical) is 245. For the number of ob-
servational data points we use (628), the nominal reduced χ2

is 0.4. While the true number of degrees of freedom is not

Stellar Mass Function Evolution
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Figure 1. Evolution of the stellar mass–number density relation at 0 < z < 2,
derived from Cole et al. (2001) and the NMBS data. Arrows indicate the expected
evolution for star formation, equal-mass mergers, and mergers with mass ratios
<1. For most astrophysical processes the most massive galaxies are expected to
evolve along lines of constant number density, not constant mass. The dashed
line shows the selection applied in this study: a constant number density of
n = 2 × 10−4 Mpc−3.
(A color version of this figure is available in the online journal.)

of galaxies with particular properties (e.g., Fontana et al. 2006;
Pérez-González et al. 2008; Marchesini et al. 2009). Finally,
some studies combine information from scaling relations and
luminosity functions. As an example, Bell et al. (2004), Faber
et al. (2007), and others have inferred significant evolution in
the red sequence at 0 < z < 1 from the combination of accurate
rest-frame colors and luminosity functions.

Here we follow a different and complementary approach,
selecting galaxies not by their mass, luminosity, or color but
by their number density. Figure 1 shows stellar mass as a
function of number density (“rotated” mass functions) at five
different redshifts. The z = 0.1 mass function is taken from
Cole et al. (2001) and converted to a Kroupa (2001) IMF. The
points at higher redshift were all derived from the NMBS data,
for 0.2 < z < 0.8, 0.8 < z < 1.4, 1.4 < z < 1.8, and
1.8 < z < 2.2. The datapoints were derived by determining the
number density in bins of stellar mass. No further corrections
were necessary as the completeness of the NMBS is ≈100%
in this mass and redshift range (see Brammer et al. 2009;
K. Whitaker et al. 2010, in preparation). The data shown in
Figure 1 are consistent with those in Marchesini et al. (2009),
with smaller (Poisson) errors due to the much larger area of
the NMBS. The lines are simple exponential fits to the points
in the mass range 10.75 < log M < 11.5; mass functions
from NMBS, including Schechter (1976) fits and a proper error
analysis, will be presented in D. Marchesini et al. (2010, in
preparation).

Arrows indicate schematically how galaxies may be expected
to evolve. Star formation will, to first order, increase the stellar
masses of galaxies and not change their number density. We
note that this is strictly only true if the specific star formation
rate (sSFR) is independent of mass, which is in fact not the case
(see, e.g., Zheng et al. 2007; Damen et al. 2009). Mergers will
change both the mass and the number density. However, because

Figure 2. Stellar mass of galaxies with a number density of 2 × 10−4 Mpc−3,
as a function of redshift. Error bars are based on estimates of the amount of
light that may be missed in our photometry; random errors are negligible. The
observed mass evolution is very regular with small scatter. The solid line is a
simple linear fit to the data of the form log Mn = 11.45 − 0.15z. The dashed
line has the form log Mn = 11.48 − 0.67 log(1 + z). The fits imply that galaxies
with a stellar mass of 3 × 1011 M⊙ today assembled ∼50% of their mass at
0 < z < 2. We note that unknown systematic uncertainties in the derived stellar
masses have been ignored.

of the steepness of the mass function in this regime the effect
is almost parallel to a line of constant number density, even
for fairly major mergers. This is demonstrated for mergers with
mass ratios 1:10 to 1:2 in Appendix A. We infer that selecting
massive galaxies at a fixed number density enables us to trace
the same population of galaxies through cosmic time, even as
they form new stars and grow through mergers and accretion.
Effectively, we assume that every massive galaxy today had at
least one progenitor at z = 2 which was also among the most
massive galaxies at that redshift.

We choose a number density of n = 2 × 10−4 Mpc−3 as
the selection line in Figure 1. The choice is a trade-off between
the number of galaxies that enter the analysis at each redshift, the
brightness of these galaxies, and the completeness of the sample
at the highest redshifts. Figure 2 shows the mass evolution of
galaxies at this number density, as given by the intersections of
the exponential fits with the dashed line in Figure 1. We verified
that our results are not sensitive to the exact number density
that is chosen here, by repeating key parts of the analysis for a
number density of 1 × 10−4 Mpc−3.

The solid line in Figure 2 is a simple linear fit to the data of
the form

log Mn = 11.45 − 0.15z. (1)

The dashed line is an (equally good) fit of the form log Mn =
11.48 − 0.67 log(1 + z). Equation (1) implies mass growth by
a factor of 2 since z = 2 for galaxies with stellar masses of
3 × 1011 M⊙ today. The rms scatter in the residuals is very
small at 0.017 dex, strongly suggesting that Poisson errors and
field-to-field variations are small compared to other errors. A
potential source of uncertainty is evolution in the fraction of light
that is missed by our photometry. As discussed by, e.g., Wake
et al. (2005) and Brown et al. (2007), the use of SExtractor’s

van Dokkum+ (2010)
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Figure 7. Evolution of the effective radius re (left panel) and the Sersic parameter n (right panel) for galaxies with a number density of 2 × 10−4 Mpc−3. Errors are
68% confidence intervals determined from repeating the analysis on bootstrapped realizations of the stacked images. Individual measurements from these realizations
are shown in the inset. The gray area indicates where the effective diameter is smaller than the FWHM of the PSF. Galaxies have smaller effective radii at higher
redshift and profiles that are closer to exponential.
(A color version of this figure is available in the online journal.)

of redshift. Error bars are 68% confidence intervals determined
from bootstrapping: 500 realizations were created of each of
the stacks, and we followed the same analysis steps on these
as for the actual stacks. This method is more robust than
a formal analysis of the noise, as it includes errors due to
improper masking of particular objects, uncertainties in the
background subtraction, and uncertainties due to real variation
in the properties of galaxies that enter the stack. We note
here that color gradients are almost certainly important (see
Section 4.3), but that it is at present difficult to correct for them.

The profile for z = 0 was determined from the Observations
of Bright Ellipticals at Yale (OBEY) survey (Tal et al. 2009).
This survey obtained surface photometry out to very large radii
for a volume-limited sample of luminous elliptical galaxies. A
stacked image was created and analyzed in the same way as was
done for the NMBS galaxies; details are given in Appendix D.
As discussed in the appendix, the OBEY z = 0 stacked image
should be directly comparable to the NMBS stacks at higher
redshift. Also, its surface density profile was normalized using
Equation (2) and is therefore on the exact same system as the
NMBS galaxies.

The surface density profiles display a striking evolution
with redshift. At z = 0, the profile shows the dense center
and extended outer envelope familiar from numerous studies
of elliptical galaxies. At higher redshift, the profiles in the
central regions remain virtually unchanged but they become
progressively steeper at large radii. The extended outer envelope
of elliptical galaxies appears to have been built up gradually
since z = 2 around a compact core that was formed at higher
redshift. Our data obviously lack the resolution to properly
determine the shape of the profiles in the central 5 kpc;
nevertheless, flux conservation implies that they cannot be
significantly steeper or flatter than what is shown in Figure 6.
More to the point, the data do have sufficient depth and
resolution to track the emergence of the outer envelope at radii
>5 kpc, although even deeper data would be valuable at z = 2.
A possible concern is that subtle redshift-dependent effects drive

(part of) the evolution at large radii. We tested this explicitly in
Appendix B, where we redshift the z = 0 and z = 0.6 data to
z = 2 and show that the derived evolution is robust.

3.4. Sersic Fits

The profiles are parameterized with standard Sersic (1968)
fits, of the form

Σb(r) = Σe10−bn[(r/re)1/n−1], (3)

where Σ(r) is the surface brightness at radius r, bn is a constant
that depends on n, n is the “Sersic index,” and re is the radius
containing 50% of the light. These fits are performed on the
original stacked images, by fitting models convolved with the
PSF. This approach has the advantage that it uses a convolution
rather than a deconvolution. The fits were done with GALFIT
(Peng et al. 2002). They converged quickly, and the parameters
do not depend on the choice of fitting region, initial guesses for
the parameters, and whether the sky is left as a free parameter.
The fits were normalized using Equation (2) and therefore give
the correct masses within a 150 kpc diameter aperture.

The Sersic fits are shown by the lines in the top panels of
Figure 6. The lines follow the datapoints quite well, indicating
that the deconvolutions did not produce large systematic errors
in the profiles. The bottom panels of Figure 6 show the
cumulative radial mass profiles as implied by the Sersic fits.
The vertical axis is in units of the total mass within a 150 kpc
diameter aperture at z = 0, i.e., 2.8 × 1011 M⊙. The mass
contained within ∼5 kpc is remarkably similar at all redshifts,
and essentially all the mass growth is at large radii.

The evolution in the shape of the radial surface density
profiles is parameterized by evolution in the effective radius
and in the Sersic parameter n. The profiles are both more
concentrated and closer to exponential at redshifts z > 1.5.
This is demonstrated in Figure 7, which shows the evolution in
re and n. Error bars are 68% confidence limits determined from
bootstrapping the stacks. We note that our fitting procedure, and
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Figure 7. Evolution of the effective radius re (left panel) and the Sersic parameter n (right panel) for galaxies with a number density of 2 × 10−4 Mpc−3. Errors are
68% confidence intervals determined from repeating the analysis on bootstrapped realizations of the stacked images. Individual measurements from these realizations
are shown in the inset. The gray area indicates where the effective diameter is smaller than the FWHM of the PSF. Galaxies have smaller effective radii at higher
redshift and profiles that are closer to exponential.
(A color version of this figure is available in the online journal.)

of redshift. Error bars are 68% confidence intervals determined
from bootstrapping: 500 realizations were created of each of
the stacks, and we followed the same analysis steps on these
as for the actual stacks. This method is more robust than
a formal analysis of the noise, as it includes errors due to
improper masking of particular objects, uncertainties in the
background subtraction, and uncertainties due to real variation
in the properties of galaxies that enter the stack. We note
here that color gradients are almost certainly important (see
Section 4.3), but that it is at present difficult to correct for them.

The profile for z = 0 was determined from the Observations
of Bright Ellipticals at Yale (OBEY) survey (Tal et al. 2009).
This survey obtained surface photometry out to very large radii
for a volume-limited sample of luminous elliptical galaxies. A
stacked image was created and analyzed in the same way as was
done for the NMBS galaxies; details are given in Appendix D.
As discussed in the appendix, the OBEY z = 0 stacked image
should be directly comparable to the NMBS stacks at higher
redshift. Also, its surface density profile was normalized using
Equation (2) and is therefore on the exact same system as the
NMBS galaxies.

The surface density profiles display a striking evolution
with redshift. At z = 0, the profile shows the dense center
and extended outer envelope familiar from numerous studies
of elliptical galaxies. At higher redshift, the profiles in the
central regions remain virtually unchanged but they become
progressively steeper at large radii. The extended outer envelope
of elliptical galaxies appears to have been built up gradually
since z = 2 around a compact core that was formed at higher
redshift. Our data obviously lack the resolution to properly
determine the shape of the profiles in the central 5 kpc;
nevertheless, flux conservation implies that they cannot be
significantly steeper or flatter than what is shown in Figure 6.
More to the point, the data do have sufficient depth and
resolution to track the emergence of the outer envelope at radii
>5 kpc, although even deeper data would be valuable at z = 2.
A possible concern is that subtle redshift-dependent effects drive

(part of) the evolution at large radii. We tested this explicitly in
Appendix B, where we redshift the z = 0 and z = 0.6 data to
z = 2 and show that the derived evolution is robust.

3.4. Sersic Fits

The profiles are parameterized with standard Sersic (1968)
fits, of the form

Σb(r) = Σe10−bn[(r/re)1/n−1], (3)

where Σ(r) is the surface brightness at radius r, bn is a constant
that depends on n, n is the “Sersic index,” and re is the radius
containing 50% of the light. These fits are performed on the
original stacked images, by fitting models convolved with the
PSF. This approach has the advantage that it uses a convolution
rather than a deconvolution. The fits were done with GALFIT
(Peng et al. 2002). They converged quickly, and the parameters
do not depend on the choice of fitting region, initial guesses for
the parameters, and whether the sky is left as a free parameter.
The fits were normalized using Equation (2) and therefore give
the correct masses within a 150 kpc diameter aperture.

The Sersic fits are shown by the lines in the top panels of
Figure 6. The lines follow the datapoints quite well, indicating
that the deconvolutions did not produce large systematic errors
in the profiles. The bottom panels of Figure 6 show the
cumulative radial mass profiles as implied by the Sersic fits.
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and in the Sersic parameter n. The profiles are both more
concentrated and closer to exponential at redshifts z > 1.5.
This is demonstrated in Figure 7, which shows the evolution in
re and n. Error bars are 68% confidence limits determined from
bootstrapping the stacks. We note that our fitting procedure, and
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ponential form of Equation (1) is adopted to be similar to
the Schechter (1976) function commonly used to describe
galaxy stellar mass and luminosity functions. We allow all
of the fit variables to vary with redshift according to
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where z is redshift. Adopting this fitting form results in
12 independent coe�cients (all variables on the RHS of
equations 2-5) that are set using an ordinary least squares
regression on the CMFs over the redshift range z = 0
to z = 6, mass range M⇤ > 107M�, and number den-
sity range N > 3 ⇥ 10�5Mpc�3. The resulting fits are
shown in Figure 1 as dashed lines, which can be compared
against the solid lines that trace the CMFs taken directly
from the simulation. In the inset of Figure 1 we also show
Log
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(�N) = Log
10

(N
sim

/N

fit

) which gives an impression
for the level of fit accuracy. Using the power law plus ex-
ponential fit described above we obtain a fit to the CMF
that is valid from z = 0 to z = 6 with typical errors of
order 1%, which always remain well below 10%. The best
fit coe�cients for the CMF in Illustris in the redshift range
0 < z < 6 are given in Table 1. The fit is applicable ev-
erywhere within the mass range 107M� < M⇤ < 1012M�,
CMF values � > 3 ⇥ 10�5Mpc�3dex�1, and redshift range
0 < z < 6. However, one should additionally bear in mind
that the baryon particle mass in our simulations is⇠ 106M�,
and so caution should be taken when considering the low-
mass end of the mass function where only 10 � 100 stellar
particles are included in each galaxy.

Despite its 12 free terms, Equation (1) is trivial to calcu-
late. Upon evaluation, one can easily identify the cumulative
number density of galaxies over the full resolved mass range
in Illustris from 0 < z < 6. This is generally useful, includ-
ing for comparisons with observed cumulative stellar mass
functions – which is outside the scope of this paper.2 The
general form allows us to obtain useful fits to a wide variety
of smoothly varying functions making it possible to use ex-
pressions that take a similar form to Equation (1) at several
points in this paper including the cumulative velocity disper-
sion function and tracked galaxy number-density evolution.
We are additionally making available with this paper simple
python scripts that allow one to evaluate Equation (1).3

3.2 Milky Way mass galaxies: constant vs.
non-constant number density

We begin our analysis of the evolutionary tracks and evolv-
ing comoving number-densities of Illustris galaxies by con-
sidering the formation history of a population of Milky Way
mass galaxies.

We adopt a definition for “Milky Way mass galaxies”

2 The CMF is most valuable to the present paper where we focus
on the evolution of galaxies in number density space. We addition-
ally provide fits of the same form to the di↵erential stellar mass
function in Appendix A which is the more commonly adopted
form for examining the galaxy stellar mass function.
3

https://github.com/ptorrey/torrey_cmf

Table 1. Best-fit parameters to the redshift-dependent CMF
presented in Equation (1).

i = 0 i = 1 i = 2

ai -2.893811 0.082199 -0.123157
↵i -0.625598 0.086216 -0.049033
�i -0.038895 0.025419 -0.007130
�i 11.523852 -0.187102 0.021022

Table 2. Best-fit parameters to the backward-tracked number-
density evolution. The below parameters along with Equation (1)
describe the median number density of a redshift z = 0 selected
galaxy population at some higher redshift out to z = 3.

i = 0 i = 1 i = 2

ai -2.643961 -0.299579 -0.037861
↵i -0.526844 -0.138136 -0.032246
�i -0.026482 -0.016006 -0.005645
�i 11.339278 0.391025 -0.015732

Table 3. Best-fit parameters to the forward-tracked number-
density evolution starting from z = 1. The fit is only valid from
z = 1 to z = 0.

i = 0 i = 1 i = 2

ai -3.640099 1.036010 -0.311620
↵i -0.797215 0.292991 -0.077466
�i -0.048383 0.033631 -0.004868
�i 11.827591 -0.665051 0.184837

Table 4. Best-fit parameters to the forward-tracked number-
density evolution starting from z = 2. The fit is only valid from
z = 2 to z = 0.

i = 0 i = 1 i = 2

ai -3.991685 0.348706 0.050966
↵i -0.793825 0.019329 0.036924
�i -0.038297 -0.000232 0.006948
�i 11.828429 -0.280904 -0.030598

Table 5. Best-fit parameters to the forward-tracked number-
density evolution starting from z = 3. The fit is only valid from
z = 3 to z = 0.

i = 0 i = 1 i = 2

ai -4.353012 -0.438934 0.229633
↵i -0.792804 -0.191351 0.066223
�i -0.029089 -0.020006 0.007395
�i 11.801074 0.197901 -0.149748

Table 6. Best-fit parameters to the redshift-dependent cumula-
tive velocity dispersion function presented in Equation (6).

i = 0 i = 1 i = 2

ai 7.391498 5.729400 -1.120552
↵i -6.863393 -5.273271 1.104114
�i 2.852083 1.255696 -0.286638
�i 0.067032 -0.048683 0.007648
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where z is redshift. Adopting this fitting form results in
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equations 2-5) that are set using an ordinary least squares
regression on the CMFs over the redshift range z = 0
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and so caution should be taken when considering the low-
mass end of the mass function where only 10 � 100 stellar
particles are included in each galaxy.

Despite its 12 free terms, Equation (1) is trivial to calcu-
late. Upon evaluation, one can easily identify the cumulative
number density of galaxies over the full resolved mass range
in Illustris from 0 < z < 6. This is generally useful, includ-
ing for comparisons with observed cumulative stellar mass
functions – which is outside the scope of this paper.2 The
general form allows us to obtain useful fits to a wide variety
of smoothly varying functions making it possible to use ex-
pressions that take a similar form to Equation (1) at several
points in this paper including the cumulative velocity disper-
sion function and tracked galaxy number-density evolution.
We are additionally making available with this paper simple
python scripts that allow one to evaluate Equation (1).3

3.2 Milky Way mass galaxies: constant vs.
non-constant number density

We begin our analysis of the evolutionary tracks and evolv-
ing comoving number-densities of Illustris galaxies by con-
sidering the formation history of a population of Milky Way
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We adopt a definition for “Milky Way mass galaxies”
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ally provide fits of the same form to the di↵erential stellar mass
function in Appendix A which is the more commonly adopted
form for examining the galaxy stellar mass function.
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value of ✏ = 0.5 h

�1 pkpc. (The dark matter gravitational
softening length continues at a fixed comoving size to z = 0.)

Several steps have been taken to post-process the
Illustris data output to facilitate the present analysis.
First, the simulation output is run through SUBFIND to
identify friends-of-friends (FoF) haloes and bound sub-
haloes (Springel et al. 2001; Dolag et al. 2009). Through-
out this paper, we employ the SUBFIND sub-halo catalog
to identify galaxy populations, including both centrals and
satellites. Wherever we refer to galaxies or galaxy popula-
tions, we are in detail referring to the self-bound sub-halo
structures identified by SUBFIND.

Second, a wide range of physical properties – includ-
ing stellar mass, star formation rate, half-mass radius, etc.
– of each structure identified with SUBFIND have been tab-
ulated. A catalog of galaxy properties is calculated for each
galaxy and each redshift independently. Throughout this
paper we use stellar masses and dark matter halo masses.
In both cases, we calculate the stellar (dark matter halo)
masses as being the total mass of all gravitationally bound
stellar (dark matter) particles of a given SUBFIND subhalo.
For this paper, we have additionally calculated the stellar
velocity dispersion for the galaxy population defined as the
three dimensional standard deviation of stellar particle ve-
locities calculated within the stellar half-mass radius.

The third post-processing step is to link the galaxy cat-
alogs together in time using merger trees. In this paper we
adopt the SubLink merger trees as described in Rodriguez-
Gomez et al. (2015). The merger trees are constructed by
identifying progenitor/descendant galaxy pairings based on
overlapping particle compositions identified through particle
identification numbers. The merger trees facilitate tracking
of individual galaxies forward and backward in time while
including in situ growth and contributions from mergers.
When galaxy mergers occur, the progenitors are segregated
into a single main branch and secondary progenitors. We de-
fine the main progenitor branch as being the most massive
branch when summed over the entire formation history un-
til that point (De Lucia & Blaizot 2007; Rodriguez-Gomez
et al. 2015). Other operational definitions of main progeni-
tor branch are possible (e.g., most massive halo at the previ-
ous snapshot, Springel et al. 2005b) and some of the results
quoted in this paper depend on this assumption. However,
we have verified that this choice has a very limited impact
on our results, with all of our results being qualitatively in-
variant to this choice.

The full data from the Illustris simulation – including
all data, post-processing SUBFIND galaxy property catalogs,
merger trees data, and basic scripts and procedures required
to reproduce our analysis – have been made publicly avail-
able (Nelson et al. 2015).1

3 RESULTS: TRACING GALAXIES VIA
STELLAR MASS

3.1 Cumulative Stellar Mass Function

Perhaps the most relevant aspect of our model for this pa-
per is its ability to reproduce the (cumulative) galaxy stellar

1

http://www.illustris-project.org

Figure 1. Cumulative stellar mass functions derived from the
galaxy populations found in Illustris are shown at several red-
shifts as indicated in the legend. The grey region identifies the
stellar mass range (vertical strip) and cumulative number density
range (horizontal strip) that correspond to the Milky Way mass
objects at redshift z = 0 as defined and discussed in the text. The
dashed lines shown within indicate the multi-epoch CMF fitting
functions. The fitting functions nearly overlap with the actual
CMFs at all redshifts, and so we also show the “error” associated
with these fits in the panel inset, with the solid blue band indi-
cating 5% errors. The mass evolution of galaxies can be inferred
from the fitting functions by identifying the mass associated with
a constant comoving number density at several redshifts (e.g.,
where the grey horizontal band intersects the CMFs).

mass function at many observational epochs. It has also been
shown that the feedback model employed by Illustris – de-
scribed in detail in Vogelsberger et al. (2013) – is capable of
producing a galaxy stellar mass function and star formation
main sequence that broadly matches observations (Torrey
et al. 2014; Genel et al. 2014; Sparre et al. 2015). This agree-
ment is achieved through a combination of star formation
driven winds to moderate star formation in low mass galax-
ies, and AGN feedback to regulate the growth of massive
galaxies. This combination of feedback results in a multi-
epoch galaxy stellar mass function that is similar to mod-
ern semi-analytic models and other hydrodynamical simula-
tions (see Somerville & Davé 2014, for comprehensive review
plots and discussion). Here, we present fits to the redshift
evolution of the cumulative galaxy stellar mass function as
found in our simulations. This fit is important to the analysis
that we carry out in subsequent sections of the paper.

Figure 1 shows the cumulative mass function (CMF) at
several redshifts as realized in the Illustris simulation. We fit
the simulated cumulative galaxy stellar mass function with
a power law plus exponential dependence of the form

N = A M̃

↵+�Log

˜M⇤
⇤ exp(�M̃⇤) (1)

where M̃⇤ = M⇤/(10
�
M�). The combined power-law, ex-
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Figure 1. Cumulative stellar mass functions derived from the
galaxy populations formed in Illustris are shown at several red-
shifts as indicated in the legend. The grey regions identifies the
stellar mass range (vertical strip) and cumulative number density
range (horizontal strip) that corresponds to the Milky Way mass
objects at redshift z = 0 as defined and discussed in the text. The
dashed lines shown within indicate the multi-epoch CMF fitting
functions. The mass evolution of galaxies can be inferred from
fitting functions by identifying the mass associated with a con-
stant comoving number density at several redshifts (e.g., where
the grey horizontal band intersects the CMFs). The fitting func-
tions nearly overlap with the actual CMFs at all redshifts, and so
we also show the “error” associated with these fits in the panel
inset, with the solid blue band indicating 10% errors.

while including in situ growth and contributions from merg-
ers. When galaxy mergers occur, the progenitors are dis-
tinguished into a single main branch and secondary progen-
itors. The main branch is defined as the most massive branch
when summed over the entire formation history until that
point (Rodriguez-Gomez et al. 2015).

The full data from the Illustris simulation – including all
data, post-processing SUBFIND catalogs, and merger trees
data produces required to reproduce our analysis – have
been made publicly available (Nelson et al. 2015).2

3 RESULTS: TRACING GALAXIES VIA
STELLAR MASS ONLY

3.1 Cumulative Stellar Mass Function

Perhaps the singular most relevant aspect of our model for
this paper is its ability to reproduce the (cumulative) galaxy
stellar mass function at many observational epochs. It has
also been shown that the feedback model employed by Il-
lustris – described in detail in Vogelsberger et al. (2013) –

2
http://www.illustris-project.org

is capable of producing a galaxy stellar mass function and
star formation main sequence that evolve in broad agree-
ment with observations (Torrey et al. 2014; Genel et al.
2014; Sparre et al. 2014). This broad agreement is achieved
through a combination of star formation driven winds to
regulate the growth rate of low mass galaxies, and AGN
feedback to regulate the growth of massive galaxies. This
combination of feedback results in a multi-epoch galaxy stel-
lar mass function that is similar to modern semi-analytic
models and numerical simulations (see Somerville & Davé
2014, for comprehensive review plots and discussion). We
first consider the evolution of the cumulative stellar mass
function found in our simulations.

Figure 1 shows the cumulative stellar mass function at
several redshifts as realized in the Illustris simulation. We fit
the simulated cumulative galaxy stellar mass function with
a fourth order polynomial of the form

Log10 (N) = A+Bm10 + Cm2
10 +Dm3

10 + Em4
10 (1)

where m10 = Log
�
M⇤/10

10M�
�
. All of the coe�cients A-E

vary with redshift according to

A = a0 + a1z + a2z
2 (2)

B = b0 + b1z + b2z
2 (3)

...

E = e0 + e1z + e2z
2 (4)

where z is redshift. Adopting this fitting form results in 15
independent coe�cients that are set using ordinary least
squares regression on the CMFs from z = 0 to z = 3. The
resulting fits are shown in Figure 1 as dashed lines, which
can be compared against the solid lines that indicate the
CMFs taken directly from the simulation. In the inset of Fig-
ure 1 we also show Log10 (�N) = Log10 (Nsim/Nfit). Using
the fourth order redshift dependent polynomial fit described
above we obtain a fit to the CMF which is valid from z = 0
to z = 3 with errors of order 1% which always remain below
10%. The best fit coe�cients are given in Table 1.

3.2 Constant Number Density Mass Evolution

Using the tabulated or best fit CMF we can now in-
fer the galaxy mass evolution by assuming that progeni-
tor/descendant galaxy populations can be matched between
di↵erent epochs at a constant comoving number density. In
practice this is achieved here by inverting eqn 1 (numeri-
cally) to solve for

m10(z) = m10(z,Nz=0) (5)

given some choice of N at z = 0. As a concrete example, we
consider the number density selection methods on the in-
ferred mass evolution of a Milky Way type galaxy. We adopt
a definition for the Milky Way as having a redshift z = 0 stel-
lar mass in the range 4⇥1010M� < M⇤ < 5⇥1010M� (e.g.,
McMillan 2011; Bovy & Rix 2013). The vertical grey shaded
region in Figure 1 indicates the redshift z = 0 mass range
adopted for Milky Way type galaxies in this section. The
corresponding horizontal grey shaded region identifies the
cumulative number density range that is associated with the
redshift z = 0 Milky Way galaxy mass range. For the stellar
mass range considered in this section, we find an associated
number density range of 1.40 ⇥ 10�3 < N(<M) [Mpc�3]
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Figure 1. Cumulative stellar mass functions derived from the
galaxy populations formed in Illustris are shown at several red-
shifts as indicated in the legend. The grey regions identifies the
stellar mass range (vertical strip) and cumulative number density
range (horizontal strip) that corresponds to the Milky Way mass
objects at redshift z = 0 as defined and discussed in the text. The
dashed lines shown within indicate the multi-epoch CMF fitting
functions. The mass evolution of galaxies can be inferred from
fitting functions by identifying the mass associated with a con-
stant comoving number density at several redshifts (e.g., where
the grey horizontal band intersects the CMFs). The fitting func-
tions nearly overlap with the actual CMFs at all redshifts, and so
we also show the “error” associated with these fits in the panel
inset, with the solid blue band indicating 10% errors.

while including in situ growth and contributions from merg-
ers. When galaxy mergers occur, the progenitors are dis-
tinguished into a single main branch and secondary progen-
itors. The main branch is defined as the most massive branch
when summed over the entire formation history until that
point (Rodriguez-Gomez et al. 2015).

The full data from the Illustris simulation – including all
data, post-processing SUBFIND catalogs, and merger trees
data produces required to reproduce our analysis – have
been made publicly available (Nelson et al. 2015).2
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lustris – described in detail in Vogelsberger et al. (2013) –
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regulate the growth rate of low mass galaxies, and AGN
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value of ✏ = 0.5 h

�1 pkpc. (The dark matter gravitational
softening length continues at a fixed comoving size to z = 0.)

Several steps have been taken to post-process the
Illustris data output to facilitate the present analysis.
First, the simulation output is run through SUBFIND to
identify friends-of-friends (FoF) haloes and bound sub-
haloes (Springel et al. 2001; Dolag et al. 2009). Through-
out this paper, we employ the SUBFIND sub-halo catalog
to identify galaxy populations, including both centrals and
satellites. Wherever we refer to galaxies or galaxy popula-
tions, we are in detail referring to the self-bound sub-halo
structures identified by SUBFIND.

Second, a wide range of physical properties – includ-
ing stellar mass, star formation rate, half-mass radius, etc.
– of each structure identified with SUBFIND have been tab-
ulated. A catalog of galaxy properties is calculated for each
galaxy and each redshift independently. Throughout this
paper we use stellar masses and dark matter halo masses.
In both cases, we calculate the stellar (dark matter halo)
masses as being the total mass of all gravitationally bound
stellar (dark matter) particles of a given SUBFIND subhalo.
For this paper, we have additionally calculated the stellar
velocity dispersion for the galaxy population defined as the
three dimensional standard deviation of stellar particle ve-
locities calculated within the stellar half-mass radius.

The third post-processing step is to link the galaxy cat-
alogs together in time using merger trees. In this paper we
adopt the SubLink merger trees as described in Rodriguez-
Gomez et al. (2015). The merger trees are constructed by
identifying progenitor/descendant galaxy pairings based on
overlapping particle compositions identified through particle
identification numbers. The merger trees facilitate tracking
of individual galaxies forward and backward in time while
including in situ growth and contributions from mergers.
When galaxy mergers occur, the progenitors are segregated
into a single main branch and secondary progenitors. We de-
fine the main progenitor branch as being the most massive
branch when summed over the entire formation history un-
til that point (De Lucia & Blaizot 2007; Rodriguez-Gomez
et al. 2015). Other operational definitions of main progeni-
tor branch are possible (e.g., most massive halo at the previ-
ous snapshot, Springel et al. 2005b) and some of the results
quoted in this paper depend on this assumption. However,
we have verified that this choice has a very limited impact
on our results, with all of our results being qualitatively in-
variant to this choice.

The full data from the Illustris simulation – including
all data, post-processing SUBFIND galaxy property catalogs,
merger trees data, and basic scripts and procedures required
to reproduce our analysis – have been made publicly avail-
able (Nelson et al. 2015).1

3 RESULTS: TRACING GALAXIES VIA
STELLAR MASS

3.1 Cumulative Stellar Mass Function

Perhaps the most relevant aspect of our model for this pa-
per is its ability to reproduce the (cumulative) galaxy stellar

1
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Figure 1. Cumulative stellar mass functions derived from the
galaxy populations found in Illustris are shown at several red-
shifts as indicated in the legend. The grey region identifies the
stellar mass range (vertical strip) and cumulative number density
range (horizontal strip) that correspond to the Milky Way mass
objects at redshift z = 0 as defined and discussed in the text. The
dashed lines shown within indicate the multi-epoch CMF fitting
functions. The fitting functions nearly overlap with the actual
CMFs at all redshifts, and so we also show the “error” associated
with these fits in the panel inset, with the solid blue band indi-
cating 5% errors. The mass evolution of galaxies can be inferred
from the fitting functions by identifying the mass associated with
a constant comoving number density at several redshifts (e.g.,
where the grey horizontal band intersects the CMFs).

mass function at many observational epochs. It has also been
shown that the feedback model employed by Illustris – de-
scribed in detail in Vogelsberger et al. (2013) – is capable of
producing a galaxy stellar mass function and star formation
main sequence that broadly matches observations (Torrey
et al. 2014; Genel et al. 2014; Sparre et al. 2015). This agree-
ment is achieved through a combination of star formation
driven winds to moderate star formation in low mass galax-
ies, and AGN feedback to regulate the growth of massive
galaxies. This combination of feedback results in a multi-
epoch galaxy stellar mass function that is similar to mod-
ern semi-analytic models and other hydrodynamical simula-
tions (see Somerville & Davé 2014, for comprehensive review
plots and discussion). Here, we present fits to the redshift
evolution of the cumulative galaxy stellar mass function as
found in our simulations. This fit is important to the analysis
that we carry out in subsequent sections of the paper.

Figure 1 shows the cumulative mass function (CMF) at
several redshifts as realized in the Illustris simulation. We fit
the simulated cumulative galaxy stellar mass function with
a power law plus exponential dependence of the form

N = A M̃

↵+�Log

˜M⇤
⇤ exp(�M̃⇤) (1)

where M̃⇤ = M⇤/(10
�
M�). The combined power-law, ex-
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• Apply General Regression

Rank Order Analysis
Number Density Evolution

• Same Fit Applies to DM halo 
mass rank order evolution
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objects at redshift z = 0 as defined and discussed in the text. The
dashed lines shown within indicate the multi-epoch CMF fitting
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producing a galaxy stellar mass function and star formation
main sequence that broadly matches observations (Torrey
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ment is achieved through a combination of star formation
driven winds to moderate star formation in low mass galax-
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galaxies. This combination of feedback results in a multi-
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Suggested Twitter Posts: 

Non-constant comoving number density evolution tracks 
should replace constant comoving number density analysis. 

Non-constant comoving number density evolution tracks 
agree between models, and seem to be driven by DM halo 

assembly history.

Torrey+ (2015b)

Torrey shows powerful derived non-constant number density evolution 
tracks at #galaxies2016 

Amazing!  Torrey shows galaxies evolve along non-constant comoving 
number density tracks at #galaxies2016 
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Figure 4. Left : The SMHM relation for Milky Way-mass galaxies at z = 0, 0.46, 1.04, and 2.07, where the gray dots represent the 0.2%
of the total galaxy population in H15. The colored points represent 2.5% of all main progenitors of present-day Milky Way-mass galaxies,
where blue dots represent galaxies that have remained star-forming since z = 2.07, green dots represent galaxies that are star-forming at
the given redshift but will become quiescent by the present day, and red dots represent galaxies that have quenched and that will remain
quiescent up to the present day. Each panel also shows the histogram of the distributions for each group in stellar mass and halo mass on
the right and bottom edges of the plots, respectively. These histograms are scaled with respect to the total number of Milky Way-mass
galaxies. In the z = 0 panel, we track the evolution of the median stellar and halo mass of the main progenitors of galaxies that have
always been star-forming in blue and galaxies that become quiescent by the present day in red. The large colored circles represent the
median values at z = 0, 0.46, 1.04, 1.48, and 2.07 where the circles go from green to yellow with increasing redshift. The black arrows
point to the stellar mass below which resolution e↵ects begin to take place in the MS. Right : The upper and lower panels represent the
halo and stellar mass tracks for all main progenitors of present-day star-forming and quiescent Milky Way-mass galaxies in blue and red,
respectively. The solid line in each plot shows the median at each redshift while the dotted lines encompass 68 per cent of the tracks.

galaxies are star-forming at z = 0 while 64% are quiescent.
Although these two populations do exhibit significant di↵er-
ences in growth histories, we note the large overlap in stellar
masses between the present-day star-forming and quiescent
populations. In contrast, the growth histories of halo masses
are quite distinct, where haloes that host galaxies that will
quench by z = 0 are generally more massive at all redshifts.

A main goal of our study is to understand the scatter
of stellar mass growth histories of Milky Way-mass galax-
ies. While splitting our sample population into star-forming
and quiescent descendants does hint at the origin of much
of this scatter, there is a significant amount of it still unac-
counted for in the evolutionary tracks of these two groups.
We first comment on the scatter in star-forming galaxies’
growth histories and then focus on that of the quiescent
galaxies’ growth histories.

5.1 Scatter in Growth Histories of Star-Forming
Galaxies

Figure 4 shows significant scatter in stellar mass growth his-
tories of currently star-forming Milky Way-mass galaxies,
albeit less so than those which are currently quiescent. A

good deal of this scatter originates from ‘observational er-
ror’ in M⇤ that we impose on the ‘true’ stellar masses to
match the observed stellar mass functions, as discussed in
Section 2. Removing these ‘observational stellar mass errors’
diminishes the total range of these progenitor stellar masses
from 0.78 to 0.58 dex at z = 2.07 and 0.49 to 0.32 dex at
z = 1.04. While the scatter in growth histories from ‘obser-
vational error’ does not reflect true changes in the mass of
the model galaxies, it is crucial to account for in studies at-
tempting to connect galaxy populations at di↵erent cosmic
epochs.

The remaining amount of scatter in the tracks for star-
forming galaxies shown in Figure 4 comes from the physical
prescriptions used in H15. The models for gas cooling, star
formation, and feedback depend on the cold gas mass, the
radius of the gas disc, and the dynamical time of the disc.
The cold gas mass is largely a function of halo mass and
halo growth history, the radius of the gas disc depends on
the spin parameter, and the dynamical time depends on the
maximum halo velocity and therefore the concentration of
the halo. Consequently, an intrinsic diversity of values for
these halo quantities imposes scatter in star formation his-
tories at a given halo mass, driving the majority of the scat-
ter in growth histories of star-forming galaxies seen in Fig 4.

c� 2016 RAS, MNRAS 000, 1–19

Terrazas+ (2016 arXiv:1603.09746)

Consistency of Results: General Prediction of LCDM
MW Galaxy Progenitors

Similar mass evolution found in SAMs and Abundance Matching

Torrey+ (2015b)
See Also: Leja+ (2013), Behroozi+ (2013), Jaacks+ (2016)



Rank Order Application
Scattered Growth Rates of Compact Massive GalaxiesHigh-z massive, compact galaxies in Illustris take diverse evolutionary paths to z = 0 5

Figure 4.
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Evolution is very dispersive!  Why?!
Wellons, Torrey+ (2016)
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Scattered Growth Rates of Compact Massive Galaxies
Rank Order Application

Wellons, Torrey+ (2016)



• About 50% of massive compact z=2 galaxies become cores of low 
redshift massive ellipticals 

• About 30% are left unperturbed, forming few additional stars, and 
remain compact 

• About 15% are consumed by yet more massive systems 

• About 15% undergo a major merger, and are well mixed by z=0

Scattered Growth Rates of Compact Massive Galaxies
Rank Order Application

Twitter live feed: 

Only 50% of massive compact galaxies turn into 
the cores of present day Ellipticals

Torrey: only 50% of massive compact galaxies evolve into the cores of 
present day Ellipticals #galaxies2016 

It seems Torrey doesn’t know how to use my data. #galaxies2016 



• Can also measure “scatter”

Rank Order Analysis

• Scatter can be measured and fit 

• Can statistically link progenitors/
descendants while including 
scatter 

• Suggestion: Abandon phrase 
“typical MW progenitor” 

• Replace:  “Median mass MW 
progenitor” and don’t ignore 
scatter

Accounting for the Scatter



MW Galaxy Progenitors
Implications for Observations

Progenitors/Descendants 3

Figure 2. Predictions for the z = [0.5, 1, 2] stellar mass and star formation rates of progenitors of galaxies that had stellar mass 1010.5 M� at z = 0.
Central panels show 2d histograms of the probability density predicted under the assumptions of constant number density (red), evolving number density
in a bin of fixed width (blue), and an evolving distribution in number density (green). Top panels show predictions using data from the Illustris simulation
and include black points for the true progenitors. Bottom panels show predictions using a sample constructed from observational relations (see Section 2.3).
One-dimensional histograms to the top and bottom show the projected distribution of stellar masses in the adjacent panel, and those to the right show the
projected distribution in star formation rate at z = 2. Each method predicts a different distribution in stellar mass, which in turn produces a different prediction
for star formation rate.
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8 < M/M�< 10

11.5 at redshifts 0.2 < z < 3, with a double-
Schechter functional form. The cumulative mass function is then
the integral of this function over stellar mass from M⇤ to infinity
(resulting in two upper incomplete gamma functions). To compute
the CMF at an arbitrary redshift, we linearly interpolate the fit pa-
rameters between the two nearest redshift bins.

The middle and rightmost panels of Figure 1 show how evo-
lution in number density translates into evolution in stellar mass,
depending on the CMFs employed. The colored lines in each of
these panels show the stellar mess evolution corresponding to the
line of the same color in the number density evolution on the left.
In the middle panel, the Illustris CMFs were used to convert be-
tween number density and mass, while the ZFOURGE CMFs were
used in the rightmost panel. The CMFs themselves can be seen in
an inset in the bottom left of each panel, ranging from 0 < z < 3.
Colored lines moving across the CMFs trace out the trajectory of
the corresponding lines in the larger panels. Here we can see the
effect that the choice of CMF has on the predicted mass evolu-

tion. For example, the ZFOURGE mass functions are steeper at the
high-mass end, so the initial mass evolution is shallower (because
a greater change in N is required to effect the same change in M⇤).
We also see that the number density evolution is equally applicable
to data from simulations and observations, and that although the fits
were made using simulation data, the simulation’s mass function is
not required in order to use them.

2.3 Galaxy samples

When selecting possible progenitors from the Illustris sample, we
may choose them directly out of the simulation volume at the ap-
propriate redshift. The Illustris simulation has a comoving vol-
ume of (106.5 Mpc)3 and contains tens of thousands of galax-
ies, with well-resolved and well-sampled galaxy populations in the
M⇤ ⇡ 10

9�12 M� range. When making observational predictions,
we create a mock galaxy sample generated from observational re-
lations. (In practice, when using this method one would be drawing
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projected distribution in star formation rate at z = 2. Each method predicts a different distribution in stellar mass, which in turn produces a different prediction
for star formation rate.
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Twitter live feed: 

Not accounting for the scatter results in a 
secondary form of progenitor bias! 

Accounting for the scatter shows that galaxies 
evolve along diverse paths, which can be folded 

into our understanding of galaxy evolution.

Wellons, Torrey+ (2016)
Torrey, Wellons+ (2016b)

Not accounting for scatter results in a secondary form of progenitor 
bias!  My legs hurt from dancing.  #galaxies2016 

Accounting for scatter: galaxies evolve along diverse paths, which can 
be folded into our understanding of galaxy evolution  #galaxies2016 



Illustris: Data Release
• Full dataset publicly released through www.illustris-project.org 

• ~300 TB data — But smaller “chunks” of data are available through web API 
• Relational database (e.g., SDSS, Millennium) 
• Processing and analysis tools 
• All results from today reproducible and extendable…

Nelson+ (2015)



1. Constant comoving number density is probably the best current 
method for observationally linking galaxy populations.

Summary

2. Galaxies do not evolve along constant comoving number density 
evolution tracks owing to galaxy mergers and scattered growth rates.

3. Non-constant comoving number density tracks can be identified and 
fit within simulations that recover the correct median ND evolution.

4. Intrinsic scatter in ND growth tracks can also be fit and apples to 
account for the scatter/diffusion in galaxy growth histories.

5. Using the ND evolution tracks prescribed in our work, improved 
methods for observationally linking galaxy populations can therefore 
be applied.

6. Data is public and available through www.illustris-project.org

http://www.illustris-project.org


Rank Order Analysis
Caveat 2: Accounting for the Scatter



Rank Order Analysis
Progenitor/Descendant Mass Tracking is not symmetric!

• Descendant tracking is shallower; 
progenitor tracking is steeper. 

• Driven by conditional probability 
of rapid growth based on shape 
of the mass function.  
• As me about this, if you’re curious. 

• Can be accounted for, without 
complication.


