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RESUMEN

Mediante la técnica del virial a segundo orden se analiza a primera aproxi-
macién la estabilidad de un fluido inhomogéneo autogravitante compuesto de dos
esferoides confocales con rotacién diferencial. Tal modelo tiene por solucién de
equilibrio una serie la que segin el presente estudio es, casi en su totalidad, estable.
Por otro lado, la serie contiene algunos esferoides de frecuencia natural cero, lo cual
es un indicio de que de ellas pudiesen ramificarse secuencias de figuras triaxiales.
De hecho, tal ramificacién efectivamente se da, si bien hay que acotar que los elip-
soides asi bifurcados son tipo Dedekind, pues son estaticos con corrientes internas
de vorticidades diferentes. El que (dado el modelo del cual se desprenden) dichas
secuencias no consistan de elipsoides tipo Jacobi no debe sin embargo sorprender,
si se atiende al teorema de Hamy.

ABSTRACT

The second order virial equations are employed to analyze in a first approx-
imation the stability of a self-gravitating fluid made up of two confocal spheroids
with solid-body differential rotation. The equilibrium solution for such a model
is known to consist of a series which in the present study is shown to be, almost
throughout, stable. On the other hand, the series contains some spheroids of zero
frequency, an indication that secondary sequences of tri-axial figures could branch
off from them. Such is indeed the case, even if the bifurcated sequences consist
exclusively of Dedekind-type figures, as they are static with internal motions of dif-
ferential vorticity. Anyway, Jacobi-type figures could not beforehand be expected
to give out from the model, since it would be inconsistent with Hamy’s theorem.
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1. INTRODUCTION

In relation to a past paper (Montalvo, Martinez, & Cisneros 1983) on the hydrostatic relative equilibrium of
a self-gravitating, perfect, incompressible, fluid made up of two confocal spheroids with solid-body differential
rotation we recall that, provided the internal spheroid (the “nucleus”) is of higher density and rotates faster
than the external spheroid (the “atmosphere”), such a model satisfies the equilibrium conditions. A specific
configuration i.e., an equilibrium figure, is determined by giving the body’s relative density e[= (on — pa/)pal,
where p is the density, along with specifying the angular velocity of solid-body rotation around the z3 — azis,
w, and the meridional eccentricitiy, €, of each of its two composing spheroids.

In our case, the confocality condition is assumed to simplify the algebra (but see, however, the reasons for
confocality given by Chambat 1994). As the complete equilibrium solution of this Maclaurin-type model spans
through a continuum of the parameters that describe it, following the standard literature on the subject we
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refer to it as a “series”. For equilibrium figures to exist it is then required w, > w, which, in addition, must
be of €, > ¢, by confocality. The case w,, = w, admits no equilibrium solution (Tassoul 1978; Montalvo et al.
1983). It is worth to mention here that our model does not work for ellipsoids, neither for w, = w,, nor for
wWn # we. The first case is contemplated by Hamy's theorem (Hamy 1887), which states that no stratification
made up of any number of confocal ellipsoids rotating, all with the same angular velocity, is an equilibrium
figure. For the second case we have no reference but, a priori, its impossibility looks sound if one considers, as
a plaussible argument, that the interaction between the field velocities of the nosses of the body’s two ellipsoids
would induce unwanted dynamical effects. On the other hand, we know (Cisneros, Martinez, & Montalvo
1995) that inhomogeneous Dedekind-type figures both, spheroidal and ellipsoidal, are equilibrium figures in the
event that they have an internal motion of differential vorticity (no equilibrium solution exists for the common
vorticity case). This result is, in connection with the current problem, independently recovered —with a much
higher degree of accuracy than in 1995— and is of fundamental importance for our present conclusions. With
this scennario it is, therefore, natural to ask if a stability (actually, dynamical stability, as frictional effects will
be ignored) analysis —here carried out by means of the virial technique— of the inhomogeneous spheroidal
series, which is the purpose of the current paper, could account for the interrelation of the above results, and
afford some ideas, however crude, about the evolution of our model.

We will see that, at least qualitatively, our relatively simple analysis yields results that bear a resemblance
with more involved ones. Nevertheless, the model contains an element of truth namely that, as in the evolution
of real stars, the cores become denser and denser, and therefore rotate faster and faster than their envelopes.
Regardless that the current work was originally planned to be carried out for its own sake, it would seem, a
posteriori, that such interest may be of astrophysical character.

2. THE VIRIAL METHOD

The well-known results on the equilibrium and the stability of the various classic ellipsoidal series (Maclau-
rin’s, Jacobi’s, Dedekind’s, etc.) have been recovered in the 1960’s, by means of the virial method, in a series of
individual papers by Chandrasekhar & Lebovitz (1962), a work that was later recopiled by the first in a book
(Chandrasekhar 1969; hereafter, Ch 1969); in particular, the analysis of the stability of the Maclaurin figures
was made using a non-inertial frame of reference. Meanwhile, the virial theory which, as regards to fluids is not
restricted to homogeneous masses, was applied to a centrally condensed axial symmetric compressible rotating
fluid (Tassoul & Ostriker 1968; hereafter, T&O). T&O’s approach was achieved with respect to an inertial
frame of reference, which fits well to our model of differential rotation, and so will be closely followed here.

The incompressible character of our fluid will be handled as explained in § 2.3.3. In essence, the virial method
consists in replacing the equation of motion governing a problem by its moments with respect to the coordinates.
Thus to second order —the current approximation— the virial equations are obtained by multiplying the j
component of the equation of motion by z;, followed by an integration over the volume instantaneously occupied
by the fluid. The resulting equation is then sligthly disturbed by means of a Lagrangian displacement 5 (Z,1),
which in a first approximation, can be given by & = L; ;x, where L;;; denotes nine constants. Let

E(Z,1) = (@), 1
be the time dependence of the perturbation, where X is a characteristic value. We may formally initiate our

analysis by deriving an equation similar, at any rate, to T&O’s equation (23), here reproduced as a quick
reference as equation (2)

AzLi;j/ pwjo:jdV—Q)\L;;k/ PQ kT TrdV
v v

+ Li;k/ pQ?kxkzde+Lj;k/ pQZZ-kkach
Vv 14

= —LpsWskyij + 6i5 L P, (2)

where
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WSk;‘ij(x) :/ pxsaBij(fL')/8$de, (3)
14
and
(z; — :E'-)(:l:j — )
o= ’ i j
B G/Vp(x) FEEE dv. 4)

Now, equation (4) gives the tensor of potential energy B;;, so that equation (3), which depends on four,
rather than two indices is usually called the supertensor of potential energy, which first pair of indices refers to
the coordinates x while the second one to the tensor B;; (Chandrasekhar & Lebovitz 1962). In equation (2)
summation over repeated indices is understood. If the changes in pressure, accompanying the changes in
density, take place adiabatically, then the change in pressure is given by

P=- /V (T = 1)pdV. (5)
Orienting  along the z3 — axis, the components of the velocity u of any point z; of the fluid are given by
ui(z) = Qi5(W)zj, (6)
where @Q;; is a matrix of nine elements, of which Q;2 = —1, @21 = +1 and zero otherwise; also
Q% = QirQrj- (7)
The definitions concerning the average of the angular velocity are
@ = [ 2@stpwis [ & oa)da, ®
and
@) = | @@atpwis/ [ o*p(a)ds. (9)

We need now to extend the above definitions so as to fit into our model and to realize that, since ours is
an incompressible fluid, eventually the change in pressure (5) will be eliminated from the equations and the
remaining equations will be supplemented by the conditions that follow from the requirement that in this case
only displacements which are divergence free should be considered (Ch 1969). Such elimination will be explicity
performed in § 2.3.

2.1. The Volume Integrals

The volume integrals in equation (2) are meant to be carried out over the volume occupied by the whole
body namely, V = V,, + V,, so that for one such integral we may write, say,

/pdV—)/ pndV+/ pedV.
v Va Va

Next, the last integral is splitted into two as suggested by Figure 1, that is,

/ pdV — / pndV + / PadV
14 Vn \4

—(s+1)-1/ prdV, (10)

n

where the factor (¢ + 1)! in the last integral compensates the excess of density implied in the penultimate
one, and turns it into an integral with the volume and density of the nucleus.
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. + - (P

Fig. 1. The volume integrals needed for equation (11) can be taken from equation (2) if the last are splitted as suggested
by this scheme.

Proceeding in this way over both sides of equation (2) there results
N[L;,; /v,. pnzjx; DV + Ly '/V pazjz;DV — (e +1)7'L;; /V,, pnzjz;dV]
—2A[Lik /Vn PnQ7rzrardV + Lik /v PaQpxrzrdV — (e +1)7 Ly v PnQf Tk TRdV]
+Li;k /vn pn(QF) TezkdV + Ly, /v pa(Q5) zrakdV — (e + 1) "L /vn pn(Q5y) Tk dV
+Ljik /v,, pn(QF) 2 zkzrdV + Ly, /v Pa(Q5) zrardV — (e + 1) Ly /v,, P Q) TrzrdV

= -—27TGpa * {B%Lk;s/ Pn(l'il'sdjk + a:,»a:sdik)dV - az,»A?kLk;S/ pnxkxséijdv
V,

n n

+€[B%Lk;s/ pn(Tixs05k + 2250;)dV — aiiA?kLk;s/ Pn&rZs0;;dV]
v,

n VTI.

"'ngLk;S/ Pa(TiTs0j +l'j$s5ik)dV—‘aziA?kLk;s/ PaTrxs0;;dV
v 1%
+€[B’ZLk;3K/pa(xix36jk +xj$56ik)dv-'aiiA'?kLk;SK/paxkxsdijdV}

—(e+ 1)'1[B%Lk;s/ pn(TiTs05k + TjT505)dV — aiA?kLk;s/ PrErTs0i;dV
Va \Z

n

+5[B/Z‘Lk;s/ pn(wixs5jk + .zjs(sik)dv - ai;AlZchw/ pnmkxsdijdV]]}
Va

n

—Lk;k/ T - 1)pn5i]’dv — Lk;k/ T - l)pa5ijdv + Lk;k/ (Tr- 1)pa(5ijdV . (11)
Vo \4

n

The various quantities in equation (11) are no more than the definitions (3) to (9) extended to our model,
which present no difficulty, except for excessive writing; they will be given as we proceed onwards.
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Fig. 2. Illustrating the artifice used to take into account the inhomogeneous character of the tensor of potential energy
in the evaluation of the supertensor of potential energy.

The L;;’s in equation (11) have not been labeled with a superscript n or a because, for easy of calculation,
these quantities are assumed continuous across the border between the nucleus and the atmosphere where, in
addition, the potential —and so the pressure— is continuous (Landau & Lifshitz 1959). The corresponding
nine equations following from equation (11) are written at length in § 2.3.1. The evaluation of the supertensor
of potential energy will be considered in the next section.

2.2. FEvaluation of the Supertensor of Potential Energy

From the properties (Chandrasekhar & Lebovitz 1962) of the supertensor of potential energy, equation (3),
we know that only twenty one of its elements are nonvanishing and that, upon using the symmetry property
of its second pair of indices, this number can be reduced to fifteen, they being

W33, Wisi3, Waasaz, Wazaz, Wi

252

W11, Wasi1, Wir2, Wazoz, Wiz

W33, Waozz3, Was.33, Wari2, Wiago .

Let us consider the evaluation of one of these single terms for our model. After splitting according to equation
(10) the integral in equation (3) we have still to deal with the inhomogeneous character of its integrand —
namely the tensor of potential energy B;;— in view of its dependence on points of both the nucleus and the
atmosphere. To derive the total tensor of potential energy of the atmosphere, we follow the steps depicted in
Figure 2.

Thus the total tensor of potential energy consists of two contributions: one, resulting from the interior of
a volume occuppied by the whole body, supossed of density p, throughout, plus another, resulting from the
exterior of a volume occuppied only by the nucleus, supossed of density p, — p, to compensate the excess of
mass implied in the first contribution. We thus have

Bij(xa) = B::?t'(fra) + Bfft'(wa) , (12)

and it follows that the total tensor of potential energy of the nucleus is the sum of two interior contributions.
The expression for the supertensor of potential energy is then
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Wskiij :/ pnts0Bij(xn)/0xrdV

n

+f paa:s(?Bij(xa)/Ba:de . (13)
Va

Now, the expression for B;; at an interior point of a homogeneous ellipsoid is given by

3
B;;lt =7Gp * [QBijwi:L‘j + afdij (4; — Z Au:l:lz)]mt', (14)
=1

where A;, Ay, B;j are the so called index symbols, a; are the semiaxes of the ellipsoid, and G is the gravitational
constant. The index symbols are elliptic integrals running from 0 (A) to co if we are to compute interior
(exterior) contributions to B;;, where A is the ellipsoidal coordinate of the considered point (Ch 1969). The
meaning of the various terms in equation (11) is now clear where, in addition, the following properties apply:
a1 = as > az; the moments of inertia J;; referring to the whole body are designated by a superscript b, and
I1 = Is; the Wyy,;;'s are normalized to mGp,; the symmetry of the index symbols requires that, for example,
Bs; = Bys = By, those symbols referring to interior (exterior) contributions to the tensor B;; being designated
by the usual capital undashed (dashed) letters.

2.3. The Dispersion Relations

Sustituting o = —i\, where o is the frequency, in the nine equations derived from equation (11), a disper-
sion relation in the frequency can be obtained for each of three different modes of oscillation: transverse-shear,
toroidal, and pulsation, where Chandrasekhar’s nomenclature has been preferred over that of T&O. These
relations which, in the present approximation will be sufficient to conclude whether or not the series of inho-
mogeneous spheroids is stable, can be obtained as follows. The nine virial equations can be separated into two
non-combining groups (see equations [20] to [23] and [26] to [30]), according to their parity with respect to the
axis of rotation: an equation is odd if one, and only one, of the indices in the L;;;’s that accompain it, is always
a 3, whereas it is even if there are two indices, or none, with the value 3. Note that with the definitions

Jn=IM 4+ (I - e+, (15)
Jass = Iy + [I35 — (e + 1) I33], (16)
(Q)J11 = QI + Qu[I8) — (e + 1)1, (17)
and
(O)Jn = Iy + Q2 — (e+ 1)), (18)

and writing, for short, Wy.;; instead of its detailed expression, our equations (20) to (23) and (26) to (30) have
an entirely similar appearance to T&O’s equations (27) to (30) and (36) to (40), respectively. More important
is the fact that in the limit, ¢ — 0 the frequencies of the Maclaurin spheroids (Ch 1969) are recovered intact
from our dispersion relations and that, as in T&O’s approach, neutral frequencies are found among the toroidal
modes. In order to avoid the somewhat awkwardly expressions that would result if we were to write the
definitions (15) to (18), and related expressions, in terms of €, and ¢,, as for example

() = {Qnle+1) + Qalehe*(1 - )21~ )72 = 1)1}/
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{e+D)+[e* -1 -e) 2 =1]}, (19)
we will write our dispersion relations (with the one exception of that corresponding to the pulsation mode)
in such a way that they look formally identical to T&QO’s ones, even if the meaning of corresponding terms is
different. The names of the modes can be recalled realizing that when a Maclaurin spheroid is subjected to an
arbitrary infinitesimal displacement, the virial equations odd in the index 3 allow to infer that the transverse
cross-section at the equator remains undisturbed, while the neighbouring sections going north displace, say, to
the right, with increasing amplitude the more we depart from the equator, reaching maximum amplitude at the
pole. Since in the southern hemisphere the displacement is similar, but to the left, the name transverse-shear
follows.

Similarly, from the equations even in the index 3 it can be shown that the infinitesimal perturbation turn the
circular sections of the spheroid into ellipses —which axes do not coincide with the coordinate axes— rotating
about the rotation axis. Finally, from the equations that yield the remaining mode one can infer that, while

there occurs a deformation in the plane z; — z;, the poles oscillate vertically in opposite senses, thus producing
a kind of pulsation.

2.3.1. The Transverse-Shear Modes

The four odd equations are:

NI + (I35 — (e + 1) B Lus — {0 I + Q21 — (e + 1) M R} s
= (=2){{I35(Bis + eBf) + [I3; — (¢ + D' I3)(Bfs +€B'13)} s
+{I}1(Bf; + eBf) + [I, — (e + ) IT(Bis + eB'3)} Lan } (20)
NI + I3 = (e + 1) G Loy — {QL I + QF[I7 — (e + 1) T ]} La2
= (=2){{I35(Bf; +eBf) + [I3; — (¢ + 1) ' I)(Bf; + eB'13)} La3
+{I}y(Bf3 + By + Iy — (e + 1) (B3 +eB'3)} a2} (21)
N{IP + (I — (e + 1) s + 2MQn Y + QoI — (e + 1) 71T g0
—{O0 + QX — (e + )T} s
= (_2){{ 35 (Bis +eBly) + I3z — (e + 1) T I33](Bis + €B'13) s

+{I{y(Bfs +€Bis) + [I1) — (e + V)T L )(BY5 + €B'T3)} Laa } (22)

and

NALY + [y = (e + DT Lz — 2M{ Q) + Qa[I) — (6 + 1) 1]} s

© Universidad Nacional Auténoma de México * Provided by the NASA Astrophysics Data System



2000RWKAA. . 36..185C

192 CISNEROS PARRA, MARTINEZ HERRERA, & MONTALVO CASTRO

—{Q2I} + Q217 — (e + 1) ' T a2
= (—2){{I3(B}; + ¢BT) + (I35 — (e + 1) I35)(Bis + €B'15) oo
+{I},(Bfs +eBY) + [If, — (e + 1) IN|(Bfs + €B'T3)} Lsa } - (23)

None of the equations (20) to (23) involves the variation in pressure and so, for these modes, it makes no
difference whether the fluid is compressible or incompressible. The dispersion relation reads

o® = 2(Q)e® + [(Q) — (L + M)]o +2(Q)M =0 , (24)

where

L=Wi313/J11 and M =Wsy13/J033, (25)

and where the definitions (15) to (18) must be used. The roots from equation (24) are all real and different.

2.3.2. The Toroidal Modes

The five even equations are

NI + [ — (e + 1) R L + 2MQn I + Qa[Ify — (e + 1) 1]} L1y
=2{0000 + QI — (e + 1)
= (-2){{I}1[2B}; - a3, A}, + (2B}, - a}, A]y))
+[I}, — (e + 1) RIR2BY - 6l Ay + (2B — aj A1)} i
+H{~Iy (a3, AYy +eap AT — [0 — (6 + 1) M R (ag, ASy +eap, A1) Lo
+{—I§3(a§1A§‘3 + 5‘13;114?3) — 35— (e + 1)—11;3](‘121 Als + EailA'?a)}Lm}

+P(Ll;l + L2;2 + L3;3), (26)

N{IL + I — (e + D)7 Lo — 2MQu ]y + QalIh — (e + 1) I ooy
—2{ Q%I + Q2[IY, — (e + 1) T I} Loy

= (‘2){{--’1711(021‘4‘111 +5021A?1) — [ = (e + 1)—11?1](5121144111 + EailA’?l)}Ll;l
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+{I1[2B7; — ailA‘fl +e(2B1 — ‘11211 AT
+[I = (e + 1)TUR][2BY — aZIA(h +¢e(2B']; - ailA';ll)]}L2;2
+{—I§3(a§1A‘1’3 +eal Aly) — (135 — (e + 1)7'Ig%)(a2, At +€a A'T5) s}

+P(L1;1 + Lo2 + Ls;3)

NI + (I35 — (e + 1) )} a3
= (=2){{~ 11 (a2, Afs + ea}, ATy) — [IT) — (e + 1) T I}i](aZ, A + eal, A'Y5)} i
+H{-I7 (aisAclls + SaigA%) — [ —(e+ 1)—11?1](‘13314(113 + faisAl?s)}L2;2
{I35[2B3; — a§3A§3 +e(2B3; — aiaAgg)]
(135 — (e + 1) T I5][2BS; — af, Agy + e(2B'33 — af, A'53)] Laga }

+P(Li1 + Lojo + L3;3)

N{IY + Iy — (e + D)7 Ly — 20 Q] + Qa[I7) — (e + 1) IR 1
—{Q2I + Q2[I}, — (e + 1)1 ( Ly + Lag)
= (=2){{I1 (B}, +Bp)

+[I} = (e + 1) HR)(BY +eB') MLz + L2;1)},

and

N{IT + [T — (e + D)7 Lo + 20 Q17 + QalI}) — (e + 1) M oase
—{Q2I + Q2L — (e + 1) ] (Lag2 + Lag)

= (=2){{I}4 (B4 + ¢BfY)

193

(27)

(28)
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+[I} — (e + 1) (B +eB' ) L2 + Lya)} . (30)

We can obtain a homogeneous system of two equations, in the unknowns (L3 — La;2) and (Ly.2 + La1),
by subtracting equation (27) from equation (26), and adding equations (29) and (30). From such system there
results the dispersion relation

(2N - 2(02) = 62)? — 4{Q)%0% =0, (31)

where

N =Wiaa2/J11, (32)

the other quantities having their usual meaning. Once again, the change in pressure has been eliminated so
that the same remarks in regard to equation (24) apply here. The roots that equation (31) yield are largely
real; nevertheless, complex roots and, moreover, neutral modes are also possible.

2.3.3. The Pulsation Mode

In view of the dependence on the compressibility of T&O’s dispersion relation for the pulsation mode, it is
evident that their approach is no longer useful to us. On the other hand, we need a homogeneous system of
equations free from the variation in pressure which includes equation (28) since, so far, this equation remains
unused. To this end, we add equations (26) and (27) and to the resulting equation subtract twice equation (29).
In order to exclude solutions (31) and remain consistent with equations (26) to (30) we set

Ll;l = L2;2

and

Lio=—Lo,; . (33)

Next, we subtract equation (29) from equation (30), exclude the root A = 0, and use the divergence relation

Lk;k = 6§k/8xk =0 s (34)

required by the solenoidal character of E (Ch 1969). The dispersion relation obtained from the above procedure
is

Ro*+S=0, (35)

where

R=1/2+(1-¢€), (36)

and
S = (02 — (1/2) (W11 + Wir.20 — 2Wi1.33)/Ji1

+(1 - €2)(W33,11 — W3.33)/Ja3 - (37)
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Fig. 3. The behavior of €, as a function of €, of the bifurcation points for £ = 5, according to Table 2.

For the evaluation of the second term of the right-hand side of equation (37), we use a property of the supertensor
of potential energy (Ch 1969, equation [150], Chapter 3). The roots from equation (35) are all real.

3. NUMERICAL RESULTS

The body’s characteristic frequencies of oscillation will now be considered. To this end, the series will be
presented in subfamilies of fixed €, as in Table 1. Each subfamily begins at a low €, value and then e, is let
to run through increasing values; next, the procedure is repeated for a larger ¢, value, and so forth. Table 1,
which contains data ranging from € = 0.5 up to € = 50 can be read as follows: column 1 gives ¢,; columns 2 and
3 give the angular velocities of the nucleus and the atmosphere; the oscillation modes normalized to /277G pg
(columns 4 to 9) are called o1, o2, 03 (transverse-shear), a4, o5 (toroidal), and og (pulsation). We will foccus
attention on columns 7 and 8, the toroidal modes, where the main features of the current problem arise.

3.1. The Instability Gaps

The discernment of instability along the series is provided by the occurrence of complex roots out of
equation (31). Otherwise the series is stable, since the roots from equations (24) and (35) are always real.
Columns 7 and 8 of Table 1 show narrow ranges of ¢, where complex roots occur for various €, values; in
each case instability sets in at the value where the complex gap initiates, Complex; , and continues prevailing
up until the complex gap finalizes, Complexy , beyond which stability resumes. The spheroids within these
gaps are therefore instable, and are usually either of very low or very high ¢, and ¢,. Instability also depends
strongly on the body’s degree of inhomogeneity €. The distribution of the complex gaps among the series seen
according to increasing ¢ is roughly as follows: instability gaps of low (about 0.1) ¢, and €, occur only up to
¢ about 25, to thereafter dissappear altogether. Gaps of high (about 0.98) ¢, and €,, which are not initially
present, appear for the first time for ¢ about 5, and remain thereafter. To illustrate the case of extremely high
¢ let us take e = 1000 (not included in Table 1), for which complex gaps occur through almost the full range
of ¢, for ranges of €, initiating at about 0.9. The spheroids of € = 1000 of ¢, lower than about 0.15 are stable
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TABLE 1

CHARACTERISTIC FREQUENCIES OF OSCILLATION OF THE MEMBERS OF THE
ROTATING SPHEROIDAL SERIES?

€n 02 02 (=)o R o3 o4 o3 (£)os

e=0.5

€, =0.1
0.10104 0.00403 0.00396 0.8639 0.0635 0.9274 ~10=% 0.1256  0.8972
0.1010  0.0040 0.0039 0.8639  0.0635 0.9274 Complex; 0.8972
0.15 0.0067 0.0030 0.8076  0.0603 0.8679 Complex 0.8393
0.1640  0.0078 0.0030 0.7890  0.0586 0.8476 Complexy 0.8198
0.16419 0.00785  0.00297 0.7888  0.0586 0.8474 ~10"% 0.1172 0.8196
0.2 0.0113 0.0028 0.7555 0.0556 0.8112 0.6609 0.7122 0.7848
0.3 0.0246 0.0027 0.7208 0.0527 0.7736 0.6838 0.7893  0.7485
0.4 0.0434 0.0027 0.7118 0.0521 0.7638 0.6810 0.7851 0.7391
0.5 0.0672 0.0027 0.7085 0.0518 0.7604 0.6786 0.7823 0.7357
0.6 0.0975 0.0027 0.7071 0.0518 0.7588 0.6773 0.7808 0.7342
0.7 0.1329 0.0027 0.7064  0.0517 0.7581 0.6766 0.7801 0.7335
0.8 0.1735 0.0027 0.7060  0.0517 0.7577 0.6762 0.7796  0.7331
0.9 0.2179 0.0027 0.7057  0.0517 0.7574 0.6760 0.7794  0.7328

€, =02

0.21298 0.01692  0.01515  0.8343  0.1287 0.9330 ~10~7 0.2574  0.9052
0.24762 0.02015 0.01352  0.8183  0.1275 0.9458 ~ 107 0.2549  0.8887
0.25 0.0204 0.0134 0.8166  0.1272 0.9439 0.0735 0.3279  0.8870

0.3 0.0271 0.0123 0.7793  0.1205 0.8999 0.5200 0.7611  0.8460
04 0.0455 0.0113 0.7824 0.1112 0.8395 0.6313 0.8536  0.7897
0.5 0.0699 0.0110 0.7056  0.1072 0.8128 0.6310 0.8454  0.7647
0.6 0.0999 0.0109 0.6950 0.1054 0.8005 0.6252 0.8360 0.7531
0.7 0.1355 0.0108 0.6896  0.1046 0.7941 0.6211 0.8303 0.7471
0.8 0.1765 0.0108 0.6865 0.1041 0.7906 0.6186 0.8268  0.7437
0.9 0.2214 0.0107 0.6845 0.1038 0.7883 0.6169 0.8245  0.7416
€, =03
0.35 0.0423 0.0318 0.8003 0.1936 0.9939 0.4162 0.8023  0.9126
0.4 0.0510 0.0292 0.7772  0.1877 0.9651 0.5043 0.8800  0.8863
0.5 0.0743 0.0267 0.7303 0.1744 0.9050 0.5705 0.9196 0.8315
0.6 0.1042 0.0256 0.7009 0.1662 0.8673 0.5709 0.9034 0.7971
0.7 0.1042 0.0250 0.6842  0.1616 0.8459 0.5634 0.8868  0.7775
0.8 0.1817 0.0247 0.6743  0.1591 0.8334 0.5572 0.8754  0.7660
0.9 0.2272 0.0245 0.6679  0.1575 0.8254 0.5526 0.8675  0.7586
€ =04
0.45 0.0729 0.0586 0.7796  0.2600 1.0396 0.4450 0.9649 0.9376
0.5 0.0836 0.0542 0.7641  0.2553 1.0197 0.4654 0.9762  0.9199
0.6 0.1117 0.0493 0.7242  0.2400 0.9649 0.4975 0.9781  0.8705
0.7 0.1474 0.0468 0.6925  0.2277 0.9208 0.4966 0.9526  0.8309
0.8 0.1893 0.0454 0.6713 0.2196 0.8914 0.4886 0.9284  0.8044
0.9 0.2356 0.0445 0.6570 0.2143 0.8715 0.4810 0.9099 0.7864
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TABLE 1 (CONTINUED)

€n Q7 Q. (=)o o» o3 o4 os (£)os
€, = 0.5

0.55 0.1127 0.0940 0.7586  0.3266 1.0854 0.3934 1.0469  0.9671

0.6 0.1254 0.0874 0.7470  0.3228 1.0705 0.3940 1.0402  0.9540

0.7 0.1586 0.0794 0.7117  0.3058 1.0192 0.4077 1.0209  0.9079

0.8 0.2000 0.0748 0.6785 0.2893 0.9696 0.4053 0.9858  0.8631

0.9 0.2467 0.0720 0.6526  0.2767 0.9305 0.3976 0.9552  0.8281
€, = 0.6

0.65 0.1621 0.1383 0.7381 0.3939 1.1322 0.2982 1.0863 1.0020

0.7 0.1768 0.1290 0.7280  0.3900 1.1193 0.2923 1.0736  0.9910

0.8 0.2152 0.1166 0.6934  0.3697 1.0667 0.2970 1.0400  0.9430

0.9 0.2611 0.1088 0.6554  0.3468 1.0060 0.2946 0.9920 0.8874
€, = 0.7

0.75 0.2207 0.1909 0.7171 0.4610 1.1785 0.5272 1.0892 1.0409

0.8 0.2376 0.1777 0.7063  0.4553 1.1641 0.1586 1.0718  1.0289

0.9 0.2796 0.1586 0.6648 0.4260 1.0979 0.1610 1.0201 0.9660

€q = 0.7918

0.88558 0.29562 0.22635 0.6810 0.5097 1.1955 ~ 10710 1.0243 1.0561

€, = 0.8

0.8300  0.2799 0.2572 0.6951  0.5253 1.2207 ~107% 1.1045 1.0762
0.85 0.2859 0.2480 0.6919 0.5244 1.2174 0.0094 1.0405  1.0750

0.9 0.3031 0.2279 0.6748  0.5112 1.1920 0.1614 1.0120  1.0522
€, = 0.8123
0.81295 0.28057 0.28006  0.6944  0.5297 1.2241 ~10"% 1.0594 1.0752
€. = 0.9
0.95 0.3367 0.2873 0.6419  0.5622 1.2087 0.2684 0.8606  1.0504
‘ e=1
€, =0.1
0.10091 0.00539  0.00527 0.9975 0.0734 1.0790 ~10~7 0.1430 1.0360
0.1009  0.0054 0.0053 0.9975 0.0734 1.0709 Complex; 1.0360
0.15 0.0102 0.0034 0.9040 0.0686 0.9726 Complex 0.9402
0.1781  0.0144 0.0031 0.8406  0.0627 0.9033 Complex ¢ 0.8737
0.17830 0.01445 0.00314  0.8403 0.0627 0.9030 ~ 10710 0.1253  0.8733
0.2 0.0182 0.00300 0.8057 0.0596 0.8652 0.5266 0.6457  0.8370
0.3 0.0416 0.0027 0.7365  0.0538 0.7903 0.6923 0.7999  0.7648
0.4 0.0747 0.0027 0.7182  0.0524 0.7706 0.6864 0.7912  0.7457
0.5 0.1175 0.0027 0.7116  0.0520 0.7636 0.6814 0.7854  0.7389
0.6 0.1701 0.0027 0.7087  0.0518 0.7606 0.6789 0.7825  0.7360
0.7 0.2326 0.0027 0.7073  0.0518 0.7591 0.6775 0.7810 0.7345
0.8 0.3043 0.0027 0.7065  0.0517 0.7582 0.6767 0.7802 0.7336
0.9 0.3805 0.0027 0.7060  0.0517 0.7577 0.6762 0.7796  0.7331
€, =0.2
0.20971 0.02262  0.02001  0.9634  0.1493 1.1127 ~107% 0.2987  1.0458
0.2100  0.0227 0.0200 0.9633  0.1494 1.1128 Complex; 1.0457
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TABLE 1 (CONTINUED)

€n 02 02 (=)o1 o9 o3 04 o5 (£)oe
0.25 0.0295 0.0161 0.9350 0.1489 1.0839 Complex 1.0176
0.2673  0.0332 0.0151 0.9137  0.1452 1.0589 Complex; 0.9943
0.26894 0.03359 0.01506 0.9116  0.1449 1.0564 ~ 10~'! 0.2897  0.9920
0.3 0.0414 0.0138 0.8707  0.1371 1.0078 0.4494 0.7235  0.9468
0.4 0.0738 0.0120 0.7743  0.1187 0.8930 0.6503 0.8876  0.8400
0.5 0.1167 0.0113 0.7292  0.1107 0.8398 0.6475 0.8689  0.7903
0.6 0.1696 0.0110 0.7078  0.1072 0.8150 0.6355 0.8499  0.7669
0.7 0.2326 0.0109 0.6968  0.1055 0.8023 0.6273 0.8383  0.7549
0.8 0.3048 0.0108 0.6905 0.1046 0.7951 0.6221 0.8313  0.7481
0.9 0.3817 0.0108 0.6866  0.1041 0.7906 0.6187 0.8268  0.7438
€, =0.3
0.35 0.0597 0.0393 0.9201  0.2270 1.1471 0.3730 0.8271  1.0522
0.4 0.0753 0.0342 0.8821  0.2180 1.1002 0.4951 0.9313  1.0095
0.5 0.1165 0.0291 0.7974  0.1929 0.9905 0.5970 0.9831  0.9099
0.6 0.1693 0.0268 0.7406  0.1765 0.9172 0.5945 0.9476  0.8430
0.7 0.2327 0.0257 0.7073  0.1673 0.8747 0.579%4 0.9140  0.8041
0.8 0.3058 0.0251 0.6875  0.1621 0.8496 0.5668 0.8911  0.7810
0.9 0.3838 0.0247 0.6746  0.1590 0.8336 0.5577 0.8756  0.7662
€, =04
0.45 0.1015 0.0735 0.8973  0.3044 1.2018 0.4679 1.0768  1.0832
0.5 0.1208 0.0647 0.8724 0.2983 1.1711 0.4835 1.0805  1.0557
0.6 0.1710 0.0549 0.8022  0.2709 1.0739 0.5250 1.0676  0.9687
0.7 0.2339 0.0499 0.7423  0.2467 0.9899 0.5201 1.0144  0.8930
0.8 0.3075 0.0472 0.7009  0.2305 0.9320 0.5044 0.9660  0.8407
0.9 0.3866 0.0454 0.6724  0.2197 0.8924 0.4897 0.9295  0.8049
€a = 0.5
0.55 0.1555 0.1190 0.8736  0.3819 1.2557 0.4265 1.1905 1.1185
0.6 0.1787 0.1059 0.8550 0.3778 1.2335 0.4162 1.1725  1.0991
0.7 0.2381 0.0897 0.7937  0.3484 1.1446 0.4280 1.1273  1.0195
0.8 0.3109 0.8067 0.7315 0.3164 1.0510 0.4211 1.0570  0.9347
0.9 0.3906 0.0749 0.6813  0.2909 0.9744 0.4068 0.9908  0.8658
€q = 0.6
0.65 0.2224 0.1759 0.8501  0.4599 1.3102 0.3231 1.2431  1.1599
0.7 0.2496 0.1573 0.8338  0.4560 1.2914 0.3048 1.2184  1.1443
0.8 0.3178 .  0.1325 0.7737 0.4214 1.2011 0.3023 1.1511  1.0617
0.9 0.3964 0.1169 0.7024  0.3769 1.0864 0.2965 1.0575  0.9559
€qa = 0.7
0.75 0.3017 0.2431 0.8257 0.5373 1.3635 0.5465 1.2480  1.2058
0.8 0.3324 0.2167 0.8080  0.5306 1.3423 0.1510 1.2158  1.1890
0.9 0.4051 0.1785 0.7343  0.4792 1.2268 0.4568 1.1167  1.0783
€q =0.78

0.85331 0.38546  0.28278  0.7937  0.5918 1.3891 ~ 1078 1.1872  1.2320
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TABLE 1 (CONTINUED)

€n 02 032 (=)oy o) 03 o4 os (£)os
€, = 0.8

0.8190 0.3721 0.3434 0.8029 0.6080 1.4110 ~10°8 1.2161 1.2439

0.85 0.3887 0.3145 0.7956 0.6093 1.4065 0.0327 1.1875 1.2456

0.9 0.4189 0.2742 0.7668  0.5897 1.3664 0.0550 11344  1.2109
€, = 0.8126
0.81269 0.37421  0.37406 0.8018 0.6117 14135 ~ 10710 1.22344 1.2414
€. =0.9
0.95 0.4503 0.3344 0.7308 0.6451 1.3833 0.3425 0.9551  1.2097
=2
€. =0.1
0.1010  0.0081 0.0078 1.2216  0.0901 1.3117 Complex; 1.2689
0.15 0.0017 0.0042 1.0822  0.0852 1.1674 Complex 1.1273
0.1097  0.0277 0.0034 0.9310 0.0703 1.0013 Complexy 0.9682
0.19090 0.02775 0.00343  0.9303 0.0703 1.0005 ~ 1072 0.1404 0.9675
0.2 0.0306 0.0033 0.9053 0.0679 0.9732 0.3774 0.5132  0.9412
0.3 0.0708 0.0028 0.7684  0.0560 0.8244 0.7106 0.8225  0.7979
0.4 0.1278 0.0027 0.7312  0.0532 0.7844 0.6973 0.8037  0.7592
0.5 0.2018 0.0027 0.7179  0.0524 0.7702 0.6871 0.7919  0.7454
0.6 0.2931 0.0027 0.7121  0.0520 0.7641 0.6820 0.7860  0.7394
0.7 0.4017 0.0027 0.7092  0.0519 0.7610 0.6793 0.7830 0.7364
0.8 0.5259 0.0027 0.7075  0.0518 0.7593 0.6777 0.7830  0.7347
0.9 0.6533 0.0027 0.7065 0.0517 0.7582 0.6768 0.7802  0.7336
€, = 0.2
0.21089 0.03475 0.02898  1.1789  0.1849 1.3638 ~10~7 0.3698  1.2810
0.2113  0.0348 0.0289 1.1788  0.1851 1.3639 Complex; 1.2810
0.25 0.0469 0.0216 1.1400 0.1880 1.3280 Complex 1.2447
0.2801  0.0580 0.0185 1.0863  0.1792 1.2655 Complexy 1.1864
0.28018 0.05800 0.01850  1.0863  0.1792 1.2655 ~ 1079 1.1864
0.3 0.0678 0.0169 1.0394 0.1700 1.2094 0.3835 0.7234  1.1345
0.4 0.1239 0.0132 0.8653  0.1347 1.000  0.6936 0.9630  0.9404
0.5 0.1980 0.0119 0.7766  0.1182 0.8948 0.6811 09175  0.8422
0.6 0.2897 0.0114 0.7337  0.1110 0.8446 0.6561 0.8781  0.7950
0.7 0.3990 0.0111 0.7114  0.1075 0.8188 0.6395 0.8545  0.7706
0.8 0.5239 0.0109 0.6987  0.1057 0.8044 0.6130 0.8405  0.7569
0.9 0.6523 - 0.0108 0.6907 0.1046 0.7953 0.6223 0.8315  0.7482
€, = 0.2463
0.28618 0.06231  0.03688  1.1455 0.2337 1.3792 ~ 108 0.4675 1.2784
€, =0.3
0.35 0.0936 0.0544 1.5888  0.4197 2.0084 0.8165 1.6558  1.8353
04 0.1213 0.0440 1.0680 0.2749 1.3429 0.5386 1.0883  1.2299
0.5 0.1933 0.3384 0.9253 0.2314 1.1567 0.6552 1.1180 1.0616
0.6 0.2848 0.0294 0.8187  0.1985 1.0173 0.6407 1.0378  0.9349
0.7 0.3947 0.0272 0.7534  0.1795 0.9330 0.6098 0.9689  0.8577
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TABLE 1 (CONTINUED)

€n 02 02 (=)o1 o o3 o4 o3 (£)oe
0.8 0.5207 0.0259 0.7138 0.1687 0.8826 0.5851 0.9226 0.8112
0.9 0.6504 0.0251 0.6881 0.1622 0.8502 0.5672 0.8915 0.7813
€, =04
0.45 0.1578 0.1033 1.0963 0.3805 1.4769 0.5632 1.3243 1.3298
0.5 0.1925 0.0858 1.0605 0.3766 1.4372 0.5220 1.3052 1.2938
0.6 0.2805 0.0662 0.9469 0.3332 1.2810 0.5806 1.2479 1.1542
0.7 0.3898 0.0563 0.8383 0.2869 1.1267 0.5623 1.1376 1.0153
0.8 0.5165 0.0508 0.7587  0.2538 1.0138 0.5316 1.0405 0.9132
0.9 0.6478 0.0473 0.7025 0.2314 0.9346 0.5043 0.9677 0.8416
€q =05
0.55 0.2404 0.1690 1.0674  0.4738 1.5433 0.5113 1.4630 1.3741
0.6 0.2824 0.1428 1.0406 0.4757 1.5169 0.4756 1.4276 1.3511
0.7 0.3869 0.1105 0.9431 0.4325 1.3792 0.4644 1.3330 1.2277
0.8 0.5125 0.0923 0.8319 0.3731 1.2108 0.4435 1.1954 1.0743
0.9 0.6447 0.0809 0.7364 0.3214 1.0626 0.4176 1.0651 0.9400
€, =06
0.65 0.3422 0.2511 1.0386 0.5711 1.6103 0.3812 1.5244 1.4260
0.7 0.3917 0.2139 1.0150 0.5724 1.5892 0.3370 1.4837 1.4096
0.8 0.5113 0.1644 0.9186 0.5222 1.4511 0.3050 1.3597 1.2829
0.9 0.6419 0.1332 0.7902 0.4394 1.2450 0.2869 1.1810 1.0889
€, = 0.7
0.75 0.4625 0.3475 1.0086 0.6663 1.6754 0.1923 1.5255 1.4838
0.8 0.5181 0.2948 0.9824 0.6633 1.6505 0.1412 1.4727 1.4668
0.9 0.6408 0.2183 0.8602 0.5831 1.4694 0.1011 1.2934 1.2904
€q = 0.745
0.90782 0.65015 0.26708 0.87961 0.6415 1.5486 ~ 1078 1.3105 1.3670
€, = 0.8

0.81508 0.55843  0.51313  0.9831  0.7459 1.7291 ~ 1072 1.4919  1.5247
0.85 0.5931 0.4474 0.9706  0.7537 1.7262 0.0675 1.4417  1.5340

0.9 - 0.6449 0.3669 0.9262 0.7302 1.6716 0.1265 1.3491 1.4914
€, = 0.8125
0.81269 0.56129 0.56069 0.9820 0.7492 1.7312 ~ 1078  1.4984  1.5205
€, =0.9
0.95 0.6745 0.4886 0.8833 0.7894 1.6835 0.4745 1.1150  1.4861
E=5H
€, = 0.1
0.10169 0.01648 0.01537 1.7271 0.1283 1.1855 ~ 1078 0.2572 1.7945
0.1017  0.0165 0.0154 1.7271  0.1283 1.8555 Complex; 1.7945
0.15 0.0354 0.0066 1.5346  0.1320 1.6665 Complex 1.6049
0.2 0.0644 0.0043 1.1950  0.0958 1.2907 Complex 1.2462
0.2007  0.0648 0.0043 1.1912  0.0954 1.2865 Complexy 1.2422

0.20109 0.06511  0.00429  1.1888  0.0951 1.2839 ~10"% 0.1901  1.2397
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€n (954 02 (=)o o2 o3 04 o5 (£)os
0.3 0.1486 0.0031 0.8680  0.0637 0.9317 0.7737 0.9011 0.9019
0.4 0.2682 0.0027 0.7717  0.0560 0.8277 0.7314 0.8433  0.8013
0.5 0.4240 0.0027 0.7372 0.0536 0.7908 0.7046 0.8118 0.7654
0.6 0.6174 0.0027 0.7223  0.0526 0.7749 0.6915 0.7967  0.7499
0.7 0.8482 0.0027 0.7148  0.0522 0.7670 0.6846 0.7890  0.7422
0.8 1.1106 0.0027 0.7107  0.0519 0.7626 0.6807 0.7846  0.7379
0.9 1.3667 0.0027 0.7081 0.0518 0.7600 0.6783 0.7819  0.7353
€. = 0.2
0.22334 0.07851 0.04905 1.6574 0.2737 1.9310 ~ 1011 (.5473 1.8093
0.2250 0.0796 0.0482 1.6557  0.2747 1.9304 Complex; 1.8083
0.25 0.0980 0.0379 1.6167  0.2826 1.8991 Complex 1.7749
0.2613 0.1073 0.0344 1.5900 0.2817 1.8716 Complexy 1.7482
0.26567 0.11096 0.03324 1.5785 0.2807 1.8590 ~107!2 0.5613 1.7623
0.3 0.1420 0.0262 1.4679 0.2633 1.7308 0.5671 1.0932 1.6167
0.4 0.2613 0.0170 1.1289 0.1888 1.3174 0.8488 1.2262 1.2361
0.5 0.4173 0.0137 0.9207 0.1448 1.0654 0.7840 1.0735 1.0024
0.6 0.6112 0.0123 0.8129 0.1245 0.9373 0.7174 0.9663 0.8824
0.7 0.8428 0.0116 0.7558 0.1146 0.8703 0.6751 0.9042 0.8192
0.8 1.1062 0.0112 0.7234  0.1094 0.8328 0.6492 0.8680 0.7836
0.9 1.3633 0.0110 0.7031 0.1064 0.8095 0.6324 0.8452 0.7615
€, = 0.21
0.26045 0.10647 0.04246 1.6147  0.2966 1.9112 ~10"'' 0.3518 1.7815
€ =0.3
0.35 0.1941 0.0995 1.5888  0.4197 2.0084 0.8165 1.6558 1.8353
04 0.2547 0.0736 1.5131 0.4207 0.9332 0.8102 1.6511 1.7634
0.5 0.4080 0.0481 1.2699 0.3510 1.6203 0.8415 1.5428 1.4809
0.6 0.6016 0.0370 1.0443 0.2734 1.3180 0.7704 1.3175 1.2078
0.7 0.8339 0.0315 0.8900 0.2225 1.1130 0.6914 1.1369 1.0210
0.8 1.0987 0.0283 0.7920 0.1922 0.9846 0.6322 1.0170  0.9029
0.9 1.3576 0.0264 0.7277  0.1735 0.9014 0.5908 0.9380  0.8263
€ =04
0.45 0.3252 0.1929 1.5482 0.5541 2.1022 0.8723 1.9803 1.8899
0.5 0.4022 0.1492 1.500 0.5672 2.0667 0.7968 1.9309 1.8554
0.6 0.5915 0.1001 1.3191 0.5141 1.8342 0.7381 1.7674 1.6467
0.7 - 0.8230 0.0753 1.1038  0.4181 1.5260 0.6625 1.5028 1.3688
0.8 1.0887 0.0615 0.9236 0.3340 1.2627 0.5873 1.2604 1.1294
0.9 1.3495 0.0527 0.7888  0.2722 1.0646 0.5291 1.0770  0.9497
€, = 0.5
0.55 0.4934 0.3189 1.5067  0.6886 2.1953 0.7500 2.1272 1.9530
0.6 0.5875 0.2534 1.4698 0.7085 2.1785 0.6583 2.0755 1.9385
0.7 0.8130 0.1727 1.3181 0.6654 1.9900 0.5539 1.8913 1.7696
0.8 1.0773 0.1273 1.1020 0.5510 1.6706 0.4692 1.5888 1.4733
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TABLE 1 (CONTINUED)

€n 02 02 (=)or o2 o3 o4 o5 (£)0s

0.9 1.3393 0.0988 0.8882  0.4237 1.3309 0.4070 1.2733 1.1574
€, = 0.6

0.65 0.6999 0.4768 1.4657  0.8239 2.2897 0.5395 2.1873  2.0280

0.7 0.8111 0.3836 1.4325 0.8459 2.2801 0.4359 2.1294  2.0254

0.8 1.0679 0.2599 1.2801 0.7951 2.0964 0.2944 1.9057  1.8588

0.9 1.3278 0.1819 1.0231 0.6310 1.7050 0.2038 1.5167 1.4721
€, = 0.68

0.90250 1.32417  0.29466 1.1391  0.8133 2.0188 ~ 1078 1.6930 1.7692
€, =07

0.75 0.9428 0.6608 1.4229  0.9580 2.3814 0.2533 2.1699  2.1124

0.8 1.0669 0.5289 1.3851 0.9749 2.3658 0.1306 2.1699 2.1137

0.86723 1.24084  0.39289  1.2701  0.9268 2.2333 ~107!' 1.8899  1.9934

0.9 1.3170 0.3378 1.1780  0.8659 2.1064 0.0492 1.7451 1.8600
€ =0.8

0.81334 1.11913  1.01931  1.3897 1.0569 2.4466 ~ 1072 21139 2.1581
0.85 1.2032 0.8461 1.3682  1.0813 2.4514 0.1348 2.0297  2.1880

0.9 1.3114 0.6448 1.3004 1.0662 2.3891 0.2953 1.8597  2.1609
€, = 0.8125
0.81267 1.12262  1.12128 1.3887 1.0595 2.4482 ~ 10710 21181  2.1520
€. =09
0.95 1.3413 0.8911 1.2632  1.1251 2.3754 0.7849 14793  2.1293
0.9708  1.2807 0.7032 1.1340  1.0412 2.2295 Complex; 2.0072
e=10
€, = 0.1
0.10303 0.03104 0.02701  2.3374  0.1760 2.5134 ~107!' 0.3499 2.4299
0.1030  0.0310 0.0270 2.3374  0.1760 2.5135 Complex; 2.4299
0.15 0.0657 0.0105 2.1274  0.1985 2.3258 Complex - 2.2335
0.1967  0.1147 0.0061 1.6727  0.1502 1.8228 Complexy 1.7537
0.19737 0.11557 0.00609 1.6661  0.1494 1.8154 ~ 10710 (0.2988  1.7467
0.2 0.1187 0.0059 1.6415  0.1465 1.7878 0.2397 0.5325  1.7205
0.3 0.2724 0.0036 1.0418  0.0795 1.1212 0.9476 1.0577  1.0848
0.4 0.4907 0.0030 0.8434 0.0616 0.9050 0.7921 0.9153  0.8763
0.5 0.7760 0.0028 0.7710  0.0560 0.8269 0.7349 0.8468  0.8006
0.6 1.1310 0.0028 0.7398  0.0538 0.7936 0.7075 0.8151  0.7682
0.7 1.5554 0.0027 0.7245 0.0528 0.7772 0.6935 0.7991  0.7522
0.8 2.0367 0.0027 0.7160 0.0523 0.7683 0.6857 0.7902  0.7434
0.9 2.4919 0.0027 0.7108  0.0519 0.7627 0.6808 0.7847  0.7380
€, = 0.2 i :
0.25 0.1824 0.0650 2.2008  0.3997 2.6004 0.8576 1.6568  2.4252
0.3 0.2653 0.0417 2.0302  0.3967 2.4262 1.0695 1.8621  2.2561
0.4 0.4825 0.0233 1.5354  0.2878 1.8424 1.1310 1.7059  1.7017
0.5 0.7679 0.0168 1.1614  0.1979 1.3590 0.9575 1.3531  1.2756
0.6 1.1234 0.0140 0.9487 0.1519 1.1005 0.8180 1.1218  1.0351
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TABLE 1 (CONTINUED)

€n 02 02 (=)o o2 o3 o4 o5 (£)os
0.7 1.5487 0.0125 0.8318 0.1291 0.9609 0.7317 0.9899  0.9038
0.8 2.0311 0.0117 0.7651  0.1170 0.8821 0.6800 0.9140  0.8293
0.9 2.4875 0.0112 0.7237  0.1100 0.8337 0.6475 0.8674  0.7835
€, =0.3
0.35 0.3606 0.1746 2.1536  0.5826 2.7360 1.3363 2.5013  2.4967
0.4 0.4740 0.1228 2.0692  0.6093 2.6777 1.2434 24612  2.4345
0.5 0.7565 0.0720 1.7551  0.5426 2.2967 1.1327 2.2169  2.0874
0.6 1.1117 0.0498 1.3941  0.4125 1.8076 0.9623 1.7883  1.6473
0.7 1.5379 0.0386 1.1118 0.3076 1.4215 0.8057 1.4230  1.2969
0.8 2.0217 0.0324 0.9201  0.2398 1.1619 0.6919 1.1735  1.0588
0.9 2.4800 0.0284 0.7917  0.1965 0.9899 0.6167 1.0110  0.9003
€, =04
0.45 0.6033 0.3422 2.0959 0.7630 2.8588 1.2742 2.8001  2.5677
0.5 0.7485 0.2547 2.0405 0.8047 2.8486 1.1418 2.7506  2.5486
0.6 1.0989 0.1565 1.8185  0.7786 2.5989 0.9614 2.5205  2.3255
0.7 1.5242 0.1071 1.4956  0.6429 2.1497 0.7853 2.0824  1.9177
0.8 2.0090 0.0793 1.1791  0.4854 1.6814 0.6316 1.6193  1.4875
0.9 2.4694 0.0618 0.9229  0.3529 1.2891 0.5259 1.2450  1.1272
€, =05
0.55 0.9139 0.5689 2.0388  0.9445 2.9832 1.0546 2.9434  2.6527
0.6 1.0922 0.4378 1.9950  0.9939 2.9889 0.9063 2.8942  2.6579
0.7 1.5110 0.2763 1.8109 0.9889 2.8102 0.6729 2.6610  2.5000
0.8 1.9943 0.1857 1.4916  0.8388 2.3735 0.4666 2.1874  2.0867
0.9 2.4560 0.1285 1.1152  0.6075 1.7840 0.3148 1.5912 1.5164
€, = 0.59
0.93847 2.52380 0.20055 1.3334 0.7529 2.0186 ~10—% 1.6381 1.6726
€, =0.6
0.65 1.2949 0.8529 1.9830 1.1273 3.1104 0.7418 2.9966  2.7551
0.7 1.5060 0.6666 1.9425 1.1795 3.1234 0.5729 2.9333 2.7774
0.8 1.9811 0.4192 1.7547  1.1665 2.9538 0.2760 2.6416  2.6354
0.9 2.4406 0.2632 1.1358  0.9329 24155 0.0196 2.0100 ~ 2.0771
0.91019 2.47357 0.24999 1.3064 0.8963 2.3350 ~ 1079 1.9249  1.9917
o €, = 0.7
0.75 1.7419 1.1829 1.9249  1.3091 3.2343 0.3365 2.9550  2.8713
0.8 1.9766 0.9192 1.8782  1.3551 3.2390 0.1308 2.8468  2.9050
0.83271 2.13383  0.77738  1.8246  1.3595 3.2030 ~10~% 2.7379  2.8896
0.9 2.4254 0.5369 1.6057 1.2565 2.9661 0.2648 2.3521  2.6598
0.99754 1.37272  0.18571  0.7536  0.5252 1.3235 ~ 108  1.0951 1.0848
€, =0.8

0.81293 2.05440 1.86121  1.8811 1.4326 3.3137 ~ 10~ 26852 2.9235
0.85 2.21848  1.51069 1.8504 1.4764 3.3284 0.2066 2.7479  2.9779
0.9 2.4153 1.1081 1.7647  1.4823 3.2717 0.4921 2.4972  2.9932
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TABLE 1 (CONTINUED)

€n 02 02 (=)o1 o9 o3 o4 o5 (£)os
€, = 0.8125
0.81267 2.05819 2.05552 1.8803 1.4346 3.3149 ~ 1011 2.8696 2.9141
e =0.9
0.95 2.4493 1.5619 1.6694 1.5359 3.2193 1.1621 1.9237 2.9168
0.9610 2.3998 1.3735 1.6118 1.4963 3.1409 Complex; 2.8822
=25
€, =0.1
0.10893 0.08206 0.054266 3.5854  0.2854 3.8707 ~ 10710 0.5704 3.7357
0.1090  0.0822 0.0541 3.5852  0.2856 3.8708 Complex; 3.7357
0.15 0.1562 0.0224 3.3870 0.3452 3.7321 Complex 3.5721
0.1623  0.1834 0.0181 3.2640  0.3446 3.6084 Complex; 3.4496
0.16328 0.18553  0.01788  3.2535 0.3442 3.5975 ~ 1077 0.6882  3.4388
0.2 0.2802 0.0109 2.7594  0.2967 3.0557 1.4855 2.0785 2.9210
0.3 0.6386 0.0050 1.5791 0.1391 1.7179 1.3384 1.6164 1.6565
0.4 1.1481 0.0036 1.0788 0.0834 1.1621 0.9944 1.1612 1.1252
0.5 1.8157 0.0031 0.8820 0.0653 0.9472 0.8324 0.9630 0.9176
0.6 2.6480 0.0029 0.7964  0.0582 0.8546 0.7576 0.8740 0.8275
0.7 3.6450 0.0028 0.7548  0.0551 0.8099 0.7203 0.8305  0.7839
0.8 4.7730 0.0028 0.7324 0.0534 0.7859 0.7001 0.8070 0.7604
0.9 5.8124 0.0027 0.7189 0.0525 0.7714 0.6879 0.7929  0.7463
€, = 0.2
0.25 0.4348 0.1464 3.4040 0.6389 4.0427 2.2801 3.5578 3.7634
0.3 0.6306 0.0881 3.2281 0.6915 3.9187 2.2032 3.5852 3.6247
0.4 1.1390 0.0421 2.5617  0.5845 3.1446 1.8984 3.0658 2.9064
0.5 1.8067 0.0259 1.8257  0.3882 2.2405 1.4520 2.2280 2.0849
0.6 2.6396 0.0188 1.3643 0.2569 1.6216 1.1072 1.6214 1.5170
0.7 3.6375 0.0153 1.0691 0.1855 1.2553 0.8883 1.2599 1.1757
0.8 4.7666 0.0133 0.8937  0.1467 1.0409 0.7578 1.0517  0.9735
0.9 5.8073 0.0120 0.7853  0.1239 0.9095 0.6808 0.9289 0.8491
€, = 0.3
0.35 0.8593 0.4001 3.3154 0.9141 4.2294 2.3553 4.1833 3.8549
04 1.1293 0.2706 3.2233 1.0006 4.2231 2.1612 4.1615 3.8270
0.5 1.7939 0.1435 2.8581 1.0168 3.8742 1.8151 3.8481 3.4947
0.6 2.6265 0.0880 2.2982  0.8380 3.1435 1.4238 3.1072 2.8349
0.7 3.6253 0.0601 1.7356  0.6055 2.3552 1.0650 2.2902 2.1204
0.8 4.7559 0.0445 1.2924 0.4179 1.7241 0.7923 1.6419 1.5409
0.9 5.7986 0.0346 0.9747 0.2853 1.2689 0.6221 1.2016 1.1189
€, =04
0.45 1.4366 0.7901 3.2226 1.1889 4.4113 2.0858 4.4634 3.9591
0.5 1.7843 0.5714 3.1564  1.2903 4.4461 1.8632 4.4431 3.9764
0.6 2.6118 0.3258 2.9071 1.3754 4.2863 1.4578 4.2124 3.8244
0.7 3.6096 0.2022 2.4534 1.2506 3.7392 1.0421 3.5786 3.3217
0.8 4.7414 0.1329 1.8646 0.9628 2.9070 0.6479 2.6530 2.5344
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TABLE 1 {CONTINUED)

€n Q% Qg (—)0'1 g9 g3 04 05 (:l:)Je
0.9 5.7863 0.0892 1.2884  0.6322 2.0026 0.3455 1.6919 1.6683
€, = 0.46
0.93012 5.92090  0.13079 1.3169  0.7798 2.2699 ~ 10710 1.7328 1.8137
€, =0.5
0.55 2.1747 1.3188 3.1334 1.4665 4.5999 1.6768 4.6098  4.0888
0.6 2.6033 0.9911 3.0777 1.5757 4.6533 14272 4.5786  4.1359
0.7 3.5942 0.5874 2.8699 1.6908 4.5751 0.9405 4.3364  4.0809
0.8 4.7244 0.3608 2.4291 1.5677 4.1007 0.4301 3.6693  3.6304
0.88259 5.62490  0.23925 1.8527 1.2368 3.3247 ~107% 27088  2.8181
0.9 5.7706 0.2179 1.7127  1.1436 3.1118 0.0868 2.4559  2.5922
€, =0.6
0.65 3.0789 1.9811 3.0472 1.7472 4.7944 1.1596 4.6541  4.2468
0.7 3.5871 1.5156 2.9939 1.8590 4.8541 0.8685 4.5877  4.3205
0.8 4.7086 0.8970 2.7768 1.9647 4.7830 0.2581 4.2291 4.3151
0.83874 5.15165  0.77781 2.6115 1.9239 4.6368 ~107%  3.9492  4.1850
0.9 5.7525 0.5070 2.1838 1.6899 4.1702 0.4473 3.2289  3.6656
€, = 0.7
0.75 4.1383 2.7493 2.9577  2.0267 4.9846 0.5134 4.5671  4.4279
0.8 4.7016 2.0899 2.8956 2.1310 5.0313 0.1501 4.4169  4.5284
0.81961 4.92461 1.87136  2.8606  2.1603 5.0316 ~10"'% 4.3313  4.5575
0.9 5.7342 1.1343 2.5564  2.1175 4.8169 0.6973 3.6807  4.4553
€. = 0.8

0.81275 4.86090  4.38523  2.8913  2.2042 5.0956 ~ 10712 4.2278  4.4964
0.85 5.2627 3.5043 2.8430  2.2848 5.1290 0.3430 4.2278  4.5973

0.9 5.7210 2.4978 2.7286  2.3372 5.0877 0.8700 3.8263  4.7094
€q = 0.8125
0.81267 4.86491  4.85823  2.8908  2.2056 5.0964 ~ 1070 4.4113 4.4763
€, =0.9
0.95 5.7700 3.5743 2.5656  2.3806 4.9576 1.9245 2.8481  4.5350
0.9559  5.7063 3.3169 2.5241  2.3580 4.9014 Complex; 4.5352
e =250
€, = 0.1
0.15 0.3067 0.0420 4.8336  0.5137 5.3472 2.4869 3.5141  5.1094
0.2 0.5485 0.0191 4.1823 0.5109 4.6927 2.9562 3.9775  4.4618
0.3 1.2468 0.0074 2.4481  0.2595 2.7072 2.0934 2.6120  2.5950
0.4 2.2401 0.0046 1.5007 0.1306 1.6311 1.3609 1.6219  1.5763
0.5 3.5424 0.0036 1.0884  0.0855 1.1739 1.0104 1.1814  1.1375
0.6 5.1675 0.0032 0.9011  0.0679 0.9690 0.8463 0.9821  0.9388
0.7 7.1152 0.0029 0.8096  0.0600 0.8696 0.7656 0.8856  0.8417
0.8 9.3170 0.0028 0.7611  0.0560 0.8171 0.7231 0.8351  0.7903
0.9 11.3249  0.0027 0.7326  0.0537 0.7863 0.6986 0.8060  0.7601
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TABLE 1 (CONTINUED)

€n 02 02 (=)o1 o o3 04 o5 (£)os
€ =02
0.25 0.8553 0.2821 4.7805 0.9094 5.6897 3.6640 5.4827  5.2926
0.3 1.2385 0.1655 4.6060 1.0302 5.6354 3.4567 5.5164  5.1989
0.4 2.2306 0.0734 3.8836  1.0122 4.8942 2.8911 4.9139  4.4879
0.5 3.5330 0.0411 2.8838 0.7349 3.6201 2.1616 3.6328  3.3338
0.6 5.1587 0.0269 2.0425 04717 2.5173 1.5451 2.4917  2.3332
0.7 7.1074 0.0198 1.4746  0.3065 1.7841 1.1198 1.7358  1.6573
0.8 9.3104 0.0159 1.1152  0.2114 1.3289 0.8546 1.2798  1.2293
0.9 11.3196  0.0135 0.8878  0.1543 1.0435 0.7049 1.0149  0.9577
€, = 0.3
0.35 1.6903 0.7759 4.6463  1.2905 5.9367 3.4653 6.0462  5.4086
0.4 2.2204 0.5169 4.5440  1.4424 5.9857 3.1842 6.0684  5.4167
0.5 3.5197 0.2626 41696  1.5962 5.7660 2.6252 5.8178  5.1808
0.6 5.1451 0.1517 3.5028  1.4668 4.9888 1.9969 4.9497  4.4702
0.7 7.0947 0.0959 2.6644  1.1284 3.8416 1.3778 3.6834  3.4223
0.8 9.2992 0.0646 1.8815  0.7645 2.7037 0.8481 2.4349  2.3687
0.9 11.3104  0.0449 1.2631  0.4678 1.7715 0.4790 1.4551  1.4892
€, = 0.36
0.93214 11.55770 0.07454 1.3334 0.6637 2.1273 ~107'° 1.4576 1.6586
€, =04
0.45 2.8253 1.5367 4.5138 1.6737 6.1873 2.9930 6.3403  5.5515
0.5 3.5095 1.0991 44339 1.8391 6.2725 2.6771 6.3547  5.6057
0.6 5.1297 0.6079 4.1735  2.0678 6.2459 2.0414 6.1815  5.5685
0.7 7.0783 0.3608 3.6671  2.0500 5.7750 1.3495 5.5074  5.1385
0.8 9.2839 0.2222 2.8463 1.7019 4.7440 0.6174 4.2170  4.1337
0.88259 11.00930 0.14840 2.0294 1.2297 3.5485 ~ 10712 2.7488  2.9251
0.9 11.2975  0.1347 1.8449  1.1129 3.2494 0.1395 2.3780  2.6222
€, =0.5
0.55 4.2757 2.5685 4.3881 2.0618 6.4498 2.3804 6.5039  5.7324
0.6 5.1206 1.9132 4.3178  2.2346 6.5523 2.0216 6.4908  5.8225
0.7 7.0621 1.1057 4.0951  2.4934 6.6029 1.2655 6.2667  5.9031
0.8 9.2662 0.6525 3.6060  2.4870 6.2364 0.4040 5.5215  5.5905
0.84156 10.18960 0.52026  3.2578  2.3393 5.8782 ~ 1072 4.9597 3.2752
0.9 11.2810  0.3667 2.5764  1.9288 5.0666 0.6584 3.7606  2.5922
€, =0.6
0.65 6.0518 3.8616 4.2670 1.4546 6.7216 1.6358 6.5449  4.2468
0.7 7.0543 2.9304 4.1985  2.6299 6.8293 1.2122 6.4730  4.3205
0.8 9.2494 1.6934 3.9615 2.8770 6.8781 0.2650 6.0586  4.3151
0.82462 9.80065 1.47183  3.8574 2.8926 6.8262 ~107° 5.8615  4.2455
0.9 11.2619  0.9133 3.2598 2.6636 6.3366 0.9585 47819  3.6656
€, = 0.7
0.75 8.1318 5.3598 4.1416  2.8461 6.9878 0.7180 6.4103  4.4279
0.8 9.2416 4.0412 4.0614 3.0122 7.0772 0.1840 6.2120  4.5284
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TABLE 1 (CONTINUED)

€n 02 (954 (=)o P o3 o4 o3 (£)os

0.81599 9.59810 3.68188 4.0281 3.0572 7.0928 ~10"% 6.1218 4.5529

0.9 11.2425 2.1299 3.6797  3.1204 6.9423 1.1506 5.2323 4.4553
€, = 0.8

0.81271 9.53868  8.59123  4.0491  3.0881 7.1372 ~ 1077 6.1762  4.4963
0.85 10.3358  6.8271 3.9810  3.2082 7.1900 0.4932 5.9240  4.5973

0.9 11.2283  4.8140 3.8341  3.3094 T7.1612 1.2804 5.3560  4.7094
€, = 0.8125
0.81267 9.54280  9.52940  4.0487  3.0891 7.1378 ~ 10710 1.7807 6.2693
€, =0.9
0.95 11.3034  6.9283 3.5941  3.3459 6.9489 2.7803 3.9205  4.5350
0.9544  11.2097  6.5453 3.5539  3.3269 6.8941 Complex; 4.5359

>We use the following notation: € + 1 is the density ratio pnp;'; Q2 refers to squared angular
velocity normalized to 2nGpa; €n, €q, are the eccenticities of the nucleus and the atmosphere,
respectively; o is the frequency normalized to +/27Gp,; subscripts in o are used as follows:
1, 2, 3 for the transverse-shear modes, 4, 5 for the toroidal modes, and 6 for the pulsation
mode. Complex; signals the point where instability sets in. Stability resumes beyond the point
Complexy . Points of bifurcation are given with an extra figure in the three first columns.

for any value of €,. Accordingly, one can roughly expect that real rotating stars would turn instable if their
density ratio is moderate (¢ = 25) and their flattenings low (en o, = 0.1), but also if the flattenings are large
and the density ratio is from moderate to high.

3.2. The Bifurcated Ellipsoids

In addition to the instability gaps, relation (31) also generates neutral modes —neutral toroidal modes are
also present in T&O’s work— meaning that within the series some spheroids are of zero frequency, i.e., they
become permanently deformed by the perturbation. The occurrence of the neutral spheroids vary widely with ¢,
and are discretely distributed within a given subfamily, so that for given ¢, there is only one of these spheroids
for a certain ¢, value. Otherwise, for varying €, we have instead a continuous gap of neutral spheroids, whose
initial and final values are quoted in Table 1 in single, separate rows. For example, for € = 5, isolated neutral
spheroids occur for €, values as low as 0.10169 and as large as 0.81267. For varying e, however, we have
neutral spheroids in two different continuous ranges: 0.1 < €, < 0.21 and 0.68 < ¢, < 0.8125; in-between these
ranges neutral spheroids are not found for this particular € value. The lower portion of the quoted range is
double-valued: for a given ¢,, there are two different ¢,,, one value being about equal to its corresponding ¢,
the other one being relatively larger. The upper portion is, however, single-valued. Table 2 is intended to come
off with these aspects of the neutral spheroids, which may not show off clearly in Table 1.

Figure 3 illustrates the behavior of ¢, as a function of ¢, for this example, the curve showing clearly both,
its double-valued as well as its single-valued portions.

For ¢ larger than about 35, the double-valued portion of the €, vs €, curve disappears altogether, while the
single-valued portion stretches steadily over its left. For ¢ = 1000, the single-valued portion stretches down to
€, =0.2.

Since secondary sequences of triaxial figures are expected to branch off, or bifurcate, from spheroids of
zero frequency we will, following Chandrasekhar, refer to them as points of bifurcation. As for our analysis,
ellipsoidal configurations are indeed found to bifurcate from such points but we hasten to add that they do not
rotate as a solid-body rather, they are static with internal motions of differential vorticity, the vorticity of the
nucleus being always larger than that of the atmosphere. The figures of the bifurcated sequences are ellipsoids
even though this geometry shows off more clearly by the nucleus in both the equatorial and polar directions.
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TABLE 2
RANGES OF ¢, AND ¢, FOR POINTS OF BIFURCATION,
FORe=52
€q €n €a €n €q €n
0.06 0.06034 0.16 0.16846 0.68 0.90250
0.14993 0.25113
0.08 0.08083 0.18 0.19367 0.70 0.86723
0.17771 0.26125
0.10 0.10169 0.20 0.22334 0.75 0.82631
0.20109 0.26567
0.12 0.12307 0.21 0.24520 0.80 0.81334
0.22089 0.26045
0.14 0.14519 0.8125 0.81267
0.23753

2The splitting into two of the e, values in the lower part of the total
range is because this part of the €, range is double-valued.

As for the equatorial flattening of the atmosphere, it is consistently very low whether the nucleus is a well-
defined or a poorly defined ellipsoid. For ellipsoids whose nucleus have equatorial flattening larger than 0.1,
the polar flattening of the nucleus (atmosphere) is always very high (very low), so that the atmospheres are
nearly spherical, with only slight vestiges of ellipticity. Thus, the overall shape of one of these figures is like
that of a small massive seed embebed within a tenuous spherical atmosphere. The relative shape of the last
figures of a given sequence of ellipsoids is explained by the fact that the vorticity of the nucleus is very much
larger than that of the atmosphere which, in addition, is close to zero.

The just described Dedekind-type inhomogeneous figures had been independently calculated in a previous
work (Cisneros et al. 1995), where they were distinguished as spheroids, figures of transition, and ellipsoids,
depending if their nucleus had a low moderate or high equatorial flattening. Here we do not use such distinction
and call all the figures simply ellipsoids. The parameters of the ellipsoids for ¢ = 5 are given in Table 3; the
first row represents the “best” spheroid attained by our calculation that fits into the values of the bifurcation
spheroid, as taken from Table 1. Here, Z? refers to squared vorticity normalized to 47Gpg; €n,, €a1s €ny» €as
are the equatorial (1) and meridional (2) eccentricities of the nucleus (n) and the atmosphere (a). Column 2
gives the equatorial flattening of the nucleus for increasing €,, values, ranging from 0.0001 up to 0.9. For fixed
g, we find that all the sequences converge to the same ellipsoids, independently of which spheroid of bifurcation
we depart from. Actually, for same ¢, and different &, only the vorticity Z2 clearly distinguishes one ellipsoid
of another.

Note that the last point of bifurcation for every subfamily occurs for ¢, = 0.8125 and e, = 0.8127; this
figure would then correspond to the last point of the single-valued portion of the curve shown in Figure 3. This
spheroid is of particular interest because, in spite of the fact that p, > p, and w, > w,, it has a nucleus that
has grown up in such a way that occupies practically the volume of the whole body so, in this sense, becoming
homogeneous. Indeed, the Jacobi, and so the Dedekind, series branches off the Maclaurin series at € = 0.81267.

4. SUMMARY AND CONCLUSIONS

The aim of the current work has been to study the stability of a model made up of two confocal spheroids
with differential solid-body rotation, previously established as a series of equilibrium configurations. In so
doing, we confronted the somehow unexpected result that spheroids of neutral frequency (therefore, becoming
permanently deformed in the chosen inertial frame) are found among the general solution, so that ellipsoids
branch off from such a model, in much the same way as the Jacobi sequence branches off the Maclaurin
sequence. A fundamental difference with that classic result is that the bifurcated inhomogeneous ellipsoids at
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TABLE 3

PROPERTIES OF THE STATIC ELLIPSOIDS, FOR ¢ = 5

Z?2 €ny €ns 10422 10% €4, €as
€=39

2.4819 0.0001 0.8672 7754.2 0.8050 0.6980
2.4899 0.0002 0.8680 6336.2 1.5400 0.6678
2.4925 0.0003 0.8682 5891.5 2.2700 0.6568
2.4995 0.0004 0.8688 5122.6 2.9270 0.6357
2.5202 0.0005 0.8692 2881.0 2.9600 0.5147
2.6564 0.0006 0.8876 637.4 2.1900 0.3244
2.6676 0.0007 0.8887 470.5 2.2400 0.2844
2.6766 0.0008 0.8890 262.6 1.9600 0.2174
2.6838 0.0009 0.8897 165.7 1.7600 0.1744
2.6873 0.0010 0.8900 112.1 1.6200 0.1440
2.5284 0.0025 0.8570 41.6 2.6000 0.0881
2.5326 0.0050 0.8578 35.5 4.8000 0.0814
2.5284 0.0075 0.8568 18.5 5.1480 0.0588
2.5319 0.0100 0.8573 2.9 2.7500 0.0236
2.5313 0.0250 0.8572 2.4 6.2600 0.0215
2.5317 0.0500 0.8574 0.3 4.4000 0.0075
2.5317 0.0750 0.8577 0.2 6.0000 0.0068
2.5318 0.1000 0.8580 0.1 6.6000 0.0057
2.5325 0.2000 0.8604 0.1 11.190 0.0048
2.5361 0.3000 0.8645 0.08 12.597 0.0036
2.5466 0.4000 0.8704 0.07 15.350 0.0033
2.5724 0.5000 0.8785 0.063 16.970 0.0030
2.6302 0.6000 0.8894 0.084 22.147 0.0033
2.7589 0.7000 0.9039 0.080 23.740 0.0030
3.0707 0.8000 0.9235 0.093 27.32 0.0031
4.0864 0.9000 0.9516 0.101 31.09 0.0033

2We use following notation: e+ 1 is the density ratio pnp;*; Z2 refers to
squared vorticity normalized; €n,, €a,, €n,, €2, are the equatorial (1) and
meridional (2) eccentricities of the nucleus (n) and the atmosphere (a).
The €, and €., values of the first ellipsoid of each sequence corresponds
to the spheroid of neutral frequency, or bifurcation point (taken from
Table 1), while €5, is the lowest attainable value that, according to our
calculations, fits into such spheroid.

hand are actually static, Dedekind-type, with internal motions of differential vorticity (and so Hamy’s theorem
is respected). The current work also helped to establish these ellipsoids as exact equilibrium figures, rather
than only approximate, as was originally introduced (Cisneros et al. 1995). Since the solution to our problem
confined the instable models to easily located regions we may —in the considered approximation— conclude
that the rest of the figures of the series are stable and, consequently, are permanent figures. It remains, of
course, to drop the condition of continuity over the L;;’s across the boundary nucleus-atmosphere, and to
extend to third order the calculations. Also, it remains to test the static ellipsoids for stability.
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