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RESUMEN

En el siguiente trabajo se presentan y relacionan mediante un método de
minimos cuadrados dos modelos diferentes, uno geométrico y otro analitico, para
la correccién de sistemas de referencia. La correccién minimo-cuadratica al sistema
de referencia inducida por el método analitico se compara con la que proporciona
directamente el método geométrico que fue contrastado previamente obteniendo
buenos resultados en el sistema fundamental FK35. - :

El método geométrico proporciona la orientacién relativa del FK5 con la ref-
erencia dindmica dada por una teoria planetaria, en tanto que el analitico es mas
adecuado para la correccién de los errores dependientes de zona.

ABSTRACT

A geometrical and an analytical model of Reference System correction are
presented and connected by means of a simple least squares method. The cor-
rection induced by the analytical method is compared with that obtained directly
through the geometrical method which was previously tested in the FK5 system.
The geometrical method determines the relative orientation of the FK5 with respect
the dynamical reference frame given by the Planetary Theory, while the analytical
method is more suitable to correct the error depending on the zone.
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1. INTRODUCTION

The first attempt to employ minor planets to correct the reference system was proposed in the beginning
of this century in the classical work of Numerov, an astronomer from the ITA (Institute of Theoretical As-
tronomy) from St. Petersburg. He proposed an ambitious observational program to obtain data of selected
asteroids whose orbits lie between —20° and +20° of declination. For historical reasons, this program was never
accomplished but it set the basis to develop new treatments to correct the reference system. Basically, these
treatments consist on the development of the corrections to a catalogue in a suitable set of functions in the
form,

N
Aa = Z Ag'nF'n (a7 5) )

N
AS = > AnaFa(a,6),

where A&, and An, are coefficients that should be computed for each case and while the choice of the functions
F, is different according to authors. For example, Duma (1991) considers simple developments in sines and
cosines taking IV = 2 while Batrakov takes Chebysheff polynomials also with V = 2 (see Batrakov et al. 1999).

At about the same time than Numerov, Brouwer suggested a similar observational program involving 14
asteroids in a zone of —30° < 6 < 30°. Pierce (1971) revised this project and measured, and reduced the plates
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again. After an analysis of the observational positions minus the calculated positions (O-C), he obtained the
systematical corrections for the little planets, together with a correction to the Equator and the Ecliptic of the
Yale catalogs.

In the year 1976 the IAU adopted an observational program of 20 minor planets spanning over the period
1976-1990. One of the main objectives of this program was the determination of the zero point for the FK4
catalog. To this aim, data of the asteroids covering a band of 30° around the Ecliptic were taken. About 35
observatories all around the world, took part in this project which has a continuation in a new program of
observation of selected minor planets covering the years 1991-2000. A wider historical revision may be found
in Batrakov et al. (1999).

In this paper two different methods to correct the reference system using minor planets are presented. The so
called geometrical method is explained in § 2. It provides the corrections to the reference system and the minor
planet elements through of the application of a geometrical correction obtained by means of an infinitesimal
rotation matrix which provides the corrections to the reference system. Secondly, in the analytical method
exposed in § 3 we consider a development of the O-C in a suitable set of orthogonal functions to obtain an
analytical expression for the residual function in order to obtain directly corrections to the considered reference
frame.

The geometrical method gave numerical results that were contrasted with the FK4 (Marco, Lépez, &
Martinez [1996]) but the analytical method provides a more general method that must be contrasted. To
this aim, we compare the rotations induced in the least squares sense by the last model with the parameters
obtained from the geometrical adjustment and, taking into account that the FK4 system is no more in use, we
shall do all the calculations in the FK§ system.

The first step consists in the application of the corrections {Aag} to the initial elements ;3 to the calculated
right ascension and declination for whatever time ¢

o (o° + Bo%;t) and 6 (o° + Bo;t) . 1)
Both methods are developed taking into account the perturbation elements technique Marco, Lépez, &

Martinez (1997), which is briefly summarized in Appendix A, in order to consider the longest time of integration
possible and also to use observations as old as possible.

2. GEOMETRICAL APPROACH

Let us denote as X the unitary vector pointing to the heliocentric equatorial position (a,d) and let
X F(a — Aa,d — AJ) be the same vector after a geometrical correction made by means of the infinitesimal
rotation matrix,

1 A Anp
R=| -A¢ 1 Ae |, (2)
-An —-Ae 1

being A&, An, and Ac three infinitesimal rotation around the main axes of the reference system. The following
relation between the two vectors is applied,

Xp(a— Aa,d — Ad) = RXo(a, ), (3)
taking into account the small-angle approximations for the right ascension,

cos(a—Aa) = cosa+ Aasina,

sin(a —Aa) = —Aacosa+sina
b

and equally for the declination, the following system appears,
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Afsinacosd + Ansind = Aasinacosd + Adcosasind, 4)
—Afcosacosd + Aesind = —Aacosacosd+ Adsinasind,

Ancosacosd + Aesind = Adcosd.
Solving (4) these incremental values are obtained,
Aa = Af + Ansinatand — As cosatand, (5)

Ad = Ancosa + Aesin g,

which provide the individual residuals,

Aol = (af)%b — a,’(?; + m; t7) + A& + Apsinaf tand] — Aecosaj tand;, (6)
AST = (67)°b — (5}'(;;k + A—Uf;tf) = Ancosaj + Aesine],
for each minor planet r» and each observation i. So, the residual function arises,
No n, Na nr
RX(A0%, ... Bog ;s A8 = 3. S (R =33 [(Aa])? cos® 67 + (A5])?], (7)
‘ r=1i=1 r=1i=1

where Ag = [Ag, An, Azs]t , Ng is the number of asteroids employed in the adjustment and n, the number of
observations for the rt* asteroid. The application of the minimum condition to (7) provides the normal system

$$ 0. 0 T Ao W

0 .. 0

.. .0 . = 8)
0 . 0 Sv. TL || A% W

(T . . (@) F Az 0y

that is solved through the groups method following Levallois (1969). The expressions appearing in the matrix
of (8) are detailed in Appendix B.

3. ANALYTICAL SIGNAL PROCESSING

As stated in § 1, in this method our aim is to develop the O-C residual function in suitable orthogonal
functions. The orbital motion of the considered minor planets is contained in a band around the Ecliptic so the
classical spherical harmonics are not suitable functions for this analytical adjustment. That is why, following
Bien et al. (1978), we consider the new set of spherical functions,

Kn,m(/\y ,8) = Pn ( n > 0. (9)

sin ﬂmin — sin ,Bmax Cos m/\, m < 0

sin Bmax + Sitt Bmin — 23inﬁ> ( sinmA, m > 0 )

This is a complete and orthogonal set of functions in the domain 0 < A < 27, Bmin < B < Bmax (Bien et al.
[1978]), where P, represents the Legendre polynomials of order n.
We build the following condition equations for minor planet r and each time ¢,

AN = (X)? = X1 (02 + Aas; ) + S Alnm K m(AF, B7), (10)

n,m

ABL = (B = B1(0% + A0S 1) + S AbpmKnm(AT, B7),

n,m

© Universidad Nacional Auténoma de México * Provided by the NASA Astrophysics Data System



. 73M

2001RWKAA. . 37. .

76 MARCO, MARTINEZ, & LOPEZ

where K, ,, are the functions (9) and Al, m, Ab, ., are coefficients to be determined. Denoting (A7)°%* and
(BT)°* as the observed values for ecliptic longitude and latitude and performing the square angular residual
we obtain,

(R)? = (AA])? cos® B] + (AB])*. (11)
Adding (11) for all the times and minor planets, the residual function is built
N, n,
Rz(A_a_f, BUWAY: 545 57, Kg Z Z (RT)? (12)
r=1i=1

where each minor planet has n, observations and the number of asteroids is IV, and being Ki, Kg vectors of
the Alp m, Abp, m coefficients which are ordered following Brosche (1966).

Obviously, we must use a truncated series for the residual function (12) and so, if n ranges from 0 to N
and m ranges from —N to +N there are (N + 1)(IN + 1) coefficients to determine. The minimum condition

applied to R? (Aal, L Aoy, ,Zi Kg ), provides the normal system

s 0. o0 T TP1[AS ) W
o . . 0
.0 L _ 13)
.. 0 Sy, Tk T3 T W
Tt . . (TL) F' 0 N o
L@ . . (TR o Fr ]| | LT

The quantities in (13) are obviously different from these from the previous section (8), as it is shown in
Appendix B.

4. ROTATIONS INDUCED BY THE ANALYTICAL METHOD

In this section our aim is to develop expressions that will enable us to compare the parameters obtained by
means of the geometrical method with the analogous parameters induced by the analytical method.
The expression (4) given in § 2 in heliocentrical ecliptic coordinates are,

Af'sinAcosB+ An'sin8 = AXsinAcos8 + ABcos Asin 3, (14)
—A€' cosAcosfB+ Ae'sin8 = —AlcosAcosB+ ABsinAsin G,
An'cosAcos B+ Ae'sinB = AfBcosf,

and the infinitesimal rotation matrix (2) is now given by R(A¢', An', Ae'). Then, for each position (A, 5) we
can obtain the numerical values of the expressions on the right hand of these equations, applying the analytical
expressions (11). So, if we denote by f1(t7), f2(t7), f3(tf) the equations of condition applied to the position
(A7, BF) belonging to the minor planet 7 at the time ¢}, we can build the residual function

Na n,

F2(Ag, An, Ac) Zz[mw + [R(DF + (5T - (15)

r=1i=1

The minimum condition applied to (15) provides the normal system,

A B c]Ja¢ Dy
B E F|| Ay |=| D (16)
cC F G Aé' Ds

and the following coefficients are obtained
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TABLE 1

COMPARISON OF THE M.A.Q.R. FOR EACH ASTEROID AFTER THE
APPLICATION OF THE GEOMETRICAL AND THE ANALYTICAL

CORRECTION
Geometrical Analytical
Num. Name Num. Obs. m.a.qr. Num. Obs. m.a.q.r.
1 Ceres 3804 1".84 3010 1".69
3 Palas 3389 1".59 2343 1".40
4 Vesta 3111 1".76 2421 1".50
6 Hebe 2179 1".71 999 1"”.54
7 Iris 1804 177 1768 1".57
11 Partenope 1789 1".66 1765 1".48
18  Melpomene 1596 1".63 1368 1".43
39 Laetitia 2305 1".67 1828 1”.51
40 Harmonia 1481 17.84 1473 1".71

A=YNe % (cos?Bim), B=3Ne, S LsinAsin28i", C= - N, % Lcos A\l sin 26,

E =y 50 (1-sin? Afcos? B7),  F = SN, Y, sin 2] cos? 4,

No n, N, n,
G = Z Z [1 —cos? Al cos® B7], D, Z Z AN cos® A, (17)

r=1 i=1 r=1i=1

Na nn

Z Z [ =AM} sin A] sin 28] + Aﬂ, cos ﬂ’}

r=1i=1

Ng np

=> " [~AX cos A} sin 28] + A sin 37].
r=1i=1

Finally, the incremental values A&, An', A’ obtained must be related with the values A, An, Ae that refer
to the equatorial heliocentric system.

5. NUMERICAL RESULTS AND COMMENTS

To obtain numerical results we have selected nine minor planets whose orbits lie in a band around the
Ecliptic ranging from Spin =-15° t0 Omax = +15°. We have integrated the Planetary Lagrange equations
backwards from JD2451545.0 to JD2417566.47784 taking the initial elements from (Batrakov 1997) and making
use of VSOP8T planetary theory (Bretagnon & Francou [1988]). In Table 1 we list the number of observations
employed after their individual corrections, their mean angular quadratic residual (m.a.q.r.) values and the
same data after the analytical correction with N = 4.

A difficult problem arises in selecting the maximum degree N in the analytical development (10). We
found that the method proposed by Bien (1978) is not suitable in this case because of the large number of
observations involved in the adjustments. For this reason, we have used an alternative method taking into
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account the covariance function which measures the statistics correlation between two corrections for each
spherical coordinates among the asteroids. In our case, the covariance between the corrections for a given point
a and another o' is given by Heiskanen & Moritz (1985),

C (d) = AaAd/,

being d the angular distance between both positions. In Figure 1 and Figure 2 we see the functions of covariance
for the adjustments in Ecliptic longitude and latitude for N = 2,4 also, we have included the covariance a
priori, which is clearly improved by the adjustments. The oscillations around the x-axis may be considered as
zero to the precision used. We have omitted N = 3 in these figures because the lines representing N = 3 and
N = 4 seem to coincide due to the scale employed on the figures. In Figure 3 and Figure 4 we have magnified
the left part of the corresponding figures for N = 3 and N = 4 in order to see the differences between them at
the origin, again the covariance a priori is included. From these figures, we see that the adjustment for N =4
improves slightly the adjustment for N = 3, so N = 4 is the value taken.

The parameters (16) obtained from the method presented in § 4 are

[AE', A, Ac') = [-0".064, —0".008, —0".016], (18)

which provide the equatorial parameters

[AE, An, Ag] = [-0".056,—-0".033,0".016] . (19)

From the geometrical method exposed in § 2 the following parameters for (2) are obtained

[AE, An, Ac] = [-0".041, —0".009, 0".015] . (20)

The comparison of (20) and (19) shows very similar values for A¢ and Ac.

6. CONCLUSIONS

Of the two methods presented, the geometrical one is useful to study the differences between the catalogue
references, materialized through the infinitesimal angles round the axes. The analytical method is more conve-
nient to the study of the errors depending on the zones of the celestial sphere. In the present case, the analytical
method has been applied to the study of a band of 15° around the ecliptic, but the method may be modified
to be applied in any domain of the celestial sphere, even if the amplitude of the domain is not constant.

To validate the geometrical method the corrections induced to the Vernal point were studied and it was
found a great coincidence between the values obtained and the ones proposed by Batrakov (1999). The an-
alytical method may not be validated directly, instead we compared it with the geometrical method and we
found that the geometrical corrections induced by the analytical methods were in great accordance with those
obtained through the geometrical method. :

APPENDIX A
PERTURBATION ELEMENTS TECHNIQUE

Let (a,b) be the spherical, equatorial or ecliptic, coordinates and we compute the incremental values

6
o o. o. da o
a(of +Doy;t) = a(o];t) + mzz:l 302, |, Aoy, | . (21)
where we have
da da doy | -
—_— 2
903, |, kglaok o903, |, (22)
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Fig. 1. Behavior of the covariance functions for the Ecliptic
longitude. The solid line is used for the covariance a priori,
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Fig. 3. Detail of the covariance functions for the Ecliptic
longitude. The solid line is used for the covariance a priori,
the short dashed line is used for N = 3 and the long dashed
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Fig. 2. Behavior of the covariance functions for the Ecliptic
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and we denote by o}, (t) = %(t) this functional dependence of the perturbed elements. The computation of

these partial derivatives is made by means of the resolution of a system of differential equations given by the
planetary Lagrange equations and their partial derivatives with respect to the initial elements

d 6 IR
701 = /; Lj*’“éa_k’ (23)

d [001)] < [OLim OR R\ o
5{57:}—;;{ oo o+ om0 ) B

where L is the Lagrange matrix, ® is the perturbation function and all the considered indexes range from
1to 6.
APPENDIX B

NORMAL SYSTEM COEFFICIENTS

For any spherical coordinates (a,b), we have the residuals,

?

t
Ad] = (a])** — a(o? + Ao ) + [Tulef, b7)] B9, (24)

t
A} = ()" — b(@; + 8o ]) + [Th(af. b)) 2,

)7 177

where T and _A_?;)S depend (in a linear approach) on the different adjustment models. Also, from Appendix A,

An(t) = 5‘?—7‘2— Jand D (t) = 8‘3’1 , (25)
mlt mit
A®t) = (Am®)',and B(t) = (Dn(t)",
1o obrain aap = (B)) - [A%) A+ [83] T, ), (26)

t t
av; = (c;) - [A°] D) + [A4] Th(arbp),
where B = (af)% — a(gf; t7) and CT = (b7)° — b(;f;t{). Denoting the product 7 ® § = 7.7 being 7
and 7 two vectors, we have, ,
S, = Z[Z®2c052b+3®3]?, (27)
i=1 t ,

T, = {;[ﬁ@Zcos?b-i-ﬁ@B]:,

W, = g [ZB cos? b+ B.C]:,

N, r r
F:Ei [ﬁ@ﬁcoszb+ﬂ®ﬁ],,
=1 =1 :
' N, n. r
U;:—ZE [fZ.Bcoszb+I—‘Z®C],
r=1 =1 '

t
For the analytical approach we can put T, = [T}T,?]t and Ag = [thA_};t] and all the formulas are
identical to the geometrical ones, having [U;, Uz| instead of U_i .
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