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THREE-BOD Y PROBLEM AND MUL TIPLE STELLAR SYSTEMS

M. Valtonen?

RESUMEN

Lasinteraccionesde tres cuerposocurren en cumulos estelares dondesedan encuerros ertre binarias y estrellas
sencillasformando temporalmerte sistemastriples. Lastriples songeneralemete inestablesy sefragmentan en
una nueva binaria y una estrella sencilla. La simple dispersion de una estrella sencillapor una binaria tambien
ocurre. Ambos procesospuedenser estudiadoscon la teor a estadstica del rompimiento y la dispersion de tres
cuerpos. En estetrabajo, aplicamosla teor a a las estrellas binarias, suponiendo que estashan participado en
procesosde tres cuerpos. Sediscuten las distribuciones de los per odos, las excertricidades y los cociertes de
masade las binarias obtenidos, y se comparan con muestrasobsenacionales.

ABSTRACT

Three-body processegioon in star clusterswherebinary stars meet single stars and frequertly form temporary
triple systems. The triples are typically unstable and break up into a new binary and a single star. Also
a simple scattering of a single star from a binary may take place. Both processescan be handled by the
statistical theories of three-body break-up and scattering. Here we apply the theory to binary stars, assuming
that binaries have beeninvolved in the three-body process. The distributions of binary periods, eccertricities
and massratios are discussedfrom this point of view and comparedwith obsenational samples.
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1. INTR ODUCTION the positions and momerta of the binary and the
third body becomesuniformly lled with the rep-
resenativ e points. Starting from this principle one
calculatesthe phasespacevolume and derivesthe
nal distributions of various quartities. Some as-
sumptions are required on the way, and depending
on theseassumptionsdi erent nal distributions are
arrived at. Here we follow the calculation of Valto-
nen and Karttunen (2004) which is slightly di erent
from Monaghan (1976). The distribution of nal bi-
nary energiesis proportional to EB“:5 rather than
EBZ:5 of Monaghan (1976). This modi cation is in
agreemen with Heggie (1975). The binary binding
energyis normalisedto the constart total energyEg
of the systems.

But in star clusters E; may vary greatly from
onethree-body systemto another. Monaghan(1976)
calculatesthe available phasespacevolume which
is inversely proportional to jEj:

Numerical simulations of star cluster ewolution
have shavn that three-body interactions take place
among cluster stars frequertly. In the three-body
break-up a binary is often expelled out of the clus-
ter and it becomesa binary in the general eld of
stars of the Galaxy. There may still be further en-
courters with other stars later on, but on the whole
the \hard" binaries probably have their properties
more or lessfrozen since their escape from the star
cluster of their origin. We will now study what kind
of binary star population we expect from this pro-
cessand how it compareswith the obsened binaries.
In particular, we are interested to seeif Opik's law
follows, i.e. if the orbital periods of binaries are uni-
formly distributed in the logarithmic scale. Also the
distribution of binary massratios can be predicted
for dierent typesof primary stars.

2. BINARY ENERGY AND PERIOD

A statistical theory for the three-body break-up
was derived by Monaghan (1976) assumingthat all
systemshave a constart total energyEq. He derived
the distribution of the binding energyEg of the nal
binary after the third body has escamed. The basic
principle of the theory is to assumethat escapeshap-
pen in such a way that the phasespaceformed by

(iEoi)djEoj / jEoj " diEoj: 1)

If for any reasonthe three-body systemsare uni-
formly distributed in the Ey spacethen we expect
that the binary energiesEg after the three-body
break-up also follow Eq. (1). i.e., Opik's law should
be valid. To what extent this is true can be found
out by studying young star clusters obsenationally
LTuorla Observatory, Piikkieo, Finland. aswell asby simulating star formation processeshe-
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oretically.

Hard binaries in star clusterstend to harden fur-
ther. At the limit of very hard binaries we may write
the averagehardening rate

126 - UEs]j

pMWR =~
Here M = (mymp)=(m4 + my), m, and my, are the
binary componernt masses,mg = mg+ my, M =
mg + Mg, Mg is the massof the escager, vq is the
mean orbital speed of the binary, R is the rate of
energy transfer, n is the number density of single
stars, v3 is the speed of the binary relative to the
single stars, and G is the gravitational constart. In
a star cluster we may regard the right hand sideasa
constart in the rst approximation, even though in
fact the density of stars n and the typical speed of
stars do vary during the cluster ewolution. But using
this assumption, and also putting all stars equal to
1M , the equation is easily integrated:

Es _ 16G2M2nT -
(Eg)o vivs

where (Eg )o is the initial value of the binary energy
i(Es)oj jEsj and vq is the corresponding mean
orbital speed. T is the time of escape of the binary
from the cluster sincethe birth of the star cluster.

Becauseof the ewlution in the star cluster as
well asthe e ect of the Galactic tides, the cluster is
gradually dissolved. The time of dissolution ty has
beenestimated at

n-
e

M
= 3G’m3 E 2)

M luster 1 pc *

tg 57 18 = —— yr (4

d 250M n y (4)
times a factor depending on the structure of the
cluster (Binney and Tremaine 1987). Here M quster
is the mass of the cluster and ry, is its median ra-
dius. Since 250 solar mass stars within a sphere of
1 pc in radius makes the average number density
n= 25053 pc®) 60pc 3, the equation may be
written by using this mean number density n:

ty 57 10° n=60pc 3 yr: (5)

We may take the typical escape time of the binary
to be half of tq, i.e.

T 3 10°(n=60pc 3) yr: (6)

From heren may be solved and inserted into Eq. (3)
above. Then

Ee  16G2M2 T ,
-
(EB )Q V(2)V3 3 108 yr 60 e (7)
- 53 T 2 Vvs
T 7T 3 10%yr (km=g)3

Putting a typical number v3 = 0:25 km/s, and
starting from a hard binary with vo = 1 km/s, we
expect to end up with

2
Es 20 o r 0,
(Eg)o 3 1Cyr

(8)

In a typical hardening period of T = 10° yr we then
expect the averagebinary binding energyto increase
by a factor of 2 and the corresponding orbital period
to shorten by about a factor of 3.

SincejEgj, / V§, the nal value of jEgj doesnot
depend on vq (i.e. on the initial orbital period) but
only on T. Thereforethe distribution of nal periods
P should depend on the distribution of T.

A numerical simulation of the Pleiadesstar clus-
ter by Kroupa, Aarseth and Hurley (2001) shows
that in its assumed100 million year lifetime the bi-
nary period distribution shifts shortward by about a
factor of 3 at the end of large periods (P > 30 yr).
This agreeswith our simple estimate. At the end of
short periods no signi cant shift is detected in the
simulation.

Depending primarily on the cluster star density,
clusters live di erent lengths of time, and provide
dierent periods T for the hardening process. We
get an idea of the distribution of T from obsenations
of star clusters. The current age of a star cluster
is a represenativ e time in the history of a cluster,
and may well tell us when a typical binary escape
happens. The distribution of is obsened to be
(Wielen 1971)

fCyr * (9)

intheinterval 2 10"yr < <5 1 yr, it steepens
beyond the upper limit. Let us then suppose that
also

f(my/ 71 (10)

in this range.
SinceEg =(Eg)o/ T2, the corresponding period
ratio P=Py/ T 3. Therefore we nd

f(T)dT

f(P=Po) = m

I (P=Py) % (11)

In alogarithmic scalethe distribution of P=Py is at:

f (P=Po)

m = constant (12)

since d(P=Pp) = (P=Pp) d(log(P=Py)). This should
be valid over one and half orders of magnitude in T,
which corresponds to over four orders of magnitude
in P=Pp.
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Binary period distribution
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Fig. 1. The period distribution of a sample of nearby
binary stars with a solar type primary (Duguennoy &
Mayor 1991, Fig. 7). Lines refer to theoretical expecta-
tions.

What is the range of validity of this result? At
the endof small T, below about T = 2 107 yr, there
is negligible binary hardening. At the other end,
T 5 1 yr, the power-law of Eq. (9) steepensand
the expected period distribution becomes(P < 10
yr):

f (P=Py)
dlog(P=Py)

Thesedistributions are comparedwith obsenations
(Duquennoy and Mayor 1991) in Fig. 1. We notice
that the predicted break at the end of low values
of P=Py, below the orbital period of ten years, is
not borne out by obsenations. It appearsthat these
short period binaries comefrom a binary population
which have short periods to start with. Sud \pri-

mordial" binaries are obsened in star clusters and
they make an important cortribution to the short
period end of the distribution.

The reasonfor the relative atness of the short
period binary distribution may be in the star for-
mation process. Apparently, Eq. (1) applies there
at least over a limited range of Eog. The scalefree
property of the distribution for longer periods may
result from binary hardening. The steepening of the
period distribution beyond log(P=yr) 5is well un-
derstood by the disruption of long period binaries
in the Galactic eld. Relative to the stellar back-
ground, thesebinaries are\soft" andtend to become
even softer until they break up.

3. BINARY ECCENTRICITIES

The distribution of the eccertricities of binaries
leadsto the sameconclusion: tight binaries, with pe-
riods lessthan 3 yr, have a bell shaped distribution
with a peak around e = 0:3. Wider binaries, with
periods exceeding3 yr, show a distribution which
agreeswith f(e) = 2e, the distribution expected

I (P=Py)>2: (13)

after three-body ewlution (Duquennoy and Mayor
1991, Kroupa 1995).

4. BINARY MASS RATIOS

The three body ewlution also modi es the bi-
nary massratios. Binary pairs where both compo-
nerts are massive are more likely to survive than
pairs with unequal masses. This makes the mass
ratio distribution ewlve towards my=m,; 1. The
massratios obtained by picking pairs of stars at ran-
dom from the initial distribution of stellar masses
are therefore subject to later ewolution.

Dierent binaries ewlve by dierent amourts.
The most massie binaries tend to settle near cluster
certres and they are subject to many strong three-
body interactions. As a result, exchangesof binary
members take place until the binary is made up of
two rather heary members.

Ordinary binaries are involved in fewer strong
three-body interactions. There we may assumethat
only a single three-body interaction is responsible
for the massratio distribution. Starting from this
assumption, we may pick three massvaluesat ran-
dom from the Salpeter initial massfunction f (m).
Then we usethe probability distribution of

2
mS

P =
ms?+ ma?+ m,?

(14)

to decidewhich star (mg) escamsand which are the
two others (m, and my) that make up the binary
pair. The massratio m = mp=m, (myp < My) isthus
obtained. Repeat the processmany times and the
distribution of massratios is built up. The proce-
dure is best carried out by computer in Monte Carlo
fashion, i.e. by picking out random numbers from
suitable distributions.

The result of this operation is shovn in Fig. 2
as a dashedline. A comparison of the data points
for a sampleof binarieswith B-type primaries (where
the Salpeter massfunction is applicable) shows good
agreemen. It thus appears that these binaries (of
typical orbital period 3 yr) have had at least one
three-body interaction in the past.

In the caseof solar type (spectral classG) pri-
maries the Salpeter massfunction for single stars is
not suitable. However, a atter power-law, with in-
dex = 1:25in

f(m)/ m (15)

may be used. Then the same processas described
above leads to the distribution of Fig. 3 (dashed
line). The obsenations by Duquennoy and Mayor
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Mass ratios in binary stars
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Fig. 2. The mass ratio of binary star components in
an obsenational sample with a B spectral type primary
(points with error bars; Evans 1995). The dashedline is
basedon a theory where two lower mass companions for
the B-type star have been picked at random, and one of
the companions has escaped.

(1991) are well described except at the low valuesof
mp=m, where both the obsenations and the power-
law assumption are very uncertain.

For the most massiwe O-type stars this procedure
is not reasonablesincenumerousthree-body encoun-
ters have in fact truncated from below the distribu-
tion of the possible massvalues. Now we may pick
three mass values from the power-law distribution
with = 3:2 (applicable to the upper end of the
mass range), all of which are above a given lower
limit. Then we again ask which one of the three
stars escapes, which onesmake the binary and what
is their massratio. The massratio distribution built
up in this way is shown as a continuous line in Fig.
4. It agreeswell with the obsened O-star primaries
sample (Abt 1983).

The rather puzzling situation with the massra-
tio distribution varying asa function of the spectral
type of the primary is therefore explained as a re-
sult of three-body interactions among stars (Valto-
nen 1997).
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DISCUSSION

Zinnecker { Where has this discussionon the dynamical origin of the binary period distribution been
published before? More speci cally, is there a 3-body dynamical explanation of Poveda's and Opik's law that
f (log P) = constart betweenlog Pmin and log Pmax ?

Valtonen { As far as| know, this type of mecanism has not beendiscussedbefore.

Sterzik { Broadening of the period distribution due to the binary hardening processby passingthrough
star clustersis an ewolutionary processthat lasts a long time. Broad period distributions and very short-period
(spectroscopic) binaries are, however, already frequert in the pre-main-sequencephase. Could you please
commert?

Valtonen { This mechanism assumesa broad range of ervironments from which binaries camefrom. There-
fore, one should not expect Opik's law to apply in individual clusters over the samewide range as among the
eld binaries. Short-period binaries probably require a di erent medanism.

Salvador Curiel, Mauri Valtonen and Andrei Tokovinin.



