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SIMPLE SCALING LAWS FOR ASTROPHYSICAL JETS

M. Huarte Espinosa1,2 and S. Mendoza1

RESUMEN

La idea de que exista un modelo unificado para todos los jets astrof́ısicos ha sido considerada extensamente desde
hace tiempo. En este art́ıculo presentamos algunas relaciones de escala hidrodinámicas que son relevantes para
todo tipo de jets astrof́ısicos y que son análogas a aquellas de Sams, Eckart, & Sunyaev (1996). Utilizamos
el teorema Π de Buckingham del análisis dimensional para obtener una familia de relaciones dimensionales
provenientes de las cantidades f́ısicas asociadas con jets.

ABSTRACT

The idea of a unified model for all astrophysical jets has been considered for some time now. We present here
some hydrodynamical scaling laws relevant for all type of astrophysical jets, analogous to those of Sams, Eckart,
& Sunyaev (1996). We use Buckingham’s Π theorem of dimensional analysis to obtain a family of dimensional
relations among the physical quantities associated with the jets.
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AND OUTFLOWS — QUASARS: GENERAL

1. INTRODUCTION

Although the first report of an astrophysical jet
was made by Curtis (1918), these objects were ex-
tensively studied much later with radio astronomy
techniques (Reber 1940). Quasars, and radiogalax-
ies were discovered and later gathered in a unified
model which proposed a dusty torus around the nu-
cleus of the source (Antonucci & Miller 1985). Years
later, some galactic sources showed similar features
to the ones presented by quasars and radiogalaxies,
i.e. relativistic fluxes, a central engine, symmetri-
cal collimated jets, radiating lobes, and apparent su-
perluminal motions (Sunyaev et al. 1991). Optical
and X-ray observations showed other similar non-
relativistic sources in the galaxy associated to H-H
objects (Gouveia Dal Pino 2004). Lately the strong
explosions found in long Gamma Ray Bursts, had
been modelled as collapsars, in which a jet is associ-
ated to the observed phenomena, in order to explain
the observations (Kulkarni et al. 1999; Castro-Tirado
et al. 1999).

The similarities between all astrophysical jets,
mainly those between quasars and micro-quasars,
and the scaling laws for black holes proposed by
Sams, Eckart, & Sunyaev (1996) and Rees (1998)
made us search for the possible existence of some
hydrodynamical scaling laws for astrophysical jets.

1Instituto de Astronomı́a, Universidad Nacional Autó-

noma de México, Distrito Federal, México.
2Current address: Churchill College, Cambridge CB3

ODS, United Kingdom.

Fig. 1. Astrophysical jets are very common and exist
in many different sizes. On the left, extending ∼ 105pc,
FR I and FR 2 sources are shown. The upper right panel
shows the micro-quasar SS 433. It presents relativistic
fluxes and apparent superluminal motions analogous to
those in quasars. The lower right panel shows jets associ-
ated to Herbig-Haro objects with lengths ∼ 10−1

−10 pc.
All jets have a condensed (sometimes compact) object ac-
creting matter from their surroundings. There is also an
accretion disc around the central condensed object and a
pair of symmetrical collimated jets that end up in radi-
ating lobes. The images were taken from Bridle (1998),
Paragi et al. (2001) and hubblesite.org.
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The present work presents a few mathematical
relations that naturally appear as a consequence of
dimensional analysis and Buckingham’s Π theorem.
We begin by considering some of the most natural
physical dimensional quantities that have to be in-
cluded in order to describe some of the physical phe-
nomena related to all classes of jets. With this and
the use of dimensional analysis we then calculate the
dimensional relations associated to these quantities.
Finally, we briefly discuss these relations and their
physical relevance to astrophysical jets.

2. ANALYSIS

A complete description for the formation of an
astrophysical jet is certainly complicated. However,
there are some essential physical ingredients that
must enter into the description of the problem. To
begin with, the mass M of the central object must
accrete material from its surroundings at an accre-
tion rate Ṁ . Now, because gravity and magnetic
fields B are necessary in order to generate jets, New-
ton’s constant of gravity G and the velocity of light
c must be taken into account. If in addition there is
some characteristic length l (e.g. the jet’s length),
a characteristic density ρ (e.g. the density of the
surrounding medium) and a characteristic velocity v
(e.g. the jet’s ejection velocity), then the jet’s lumi-
nosity (or power) L is a function related to all these
quantities in the following manner

L = L(Ṁ, M, c, G, B, l, v, ρ). (1)

Using Buckingham’s Π theorem of dimensional anal-
ysis (Buckingham 1914; Sedov 1993) the following
non-trivial dimensionless parameters are found

Π1 =
L

Ṁc2
, Π2 =

GṀ

c3
, Π3 =

Bc1/2M

Ṁ3/2
, (2)

Π4 =
lṀ

Mc
, Π5 =

ρ c3M2

Ṁ3
.

From the parameter Π2 it follows that

Π2 =

(

GM

c2

)

(

Ṁ

M

)

1

c
.

Since the quantity

τ ≡
M

Ṁ
, (3)

defines a characteristic time in which the central ob-
ject doubles its mass, then using equation (3) we can
write Π2 as

Π2 =
rs

2τc
, (4)

where rS is the Schwarzschild radius. This relation
naturally defines a length

λ ∼ cτ, (5)

which can be thought of as the maximum possible
length a jet could have, since τ is roughly an upper
limit to the lifetime of the source.

In what follows we will use the following typical
values

M ≈ 108−9 M�, B ≈ 100G, Ṁ ≈ 1M� yr−1,

L ≈ 107−10L�, rj ≈ 104−5 pc, (6)

and

M ≈ 100−1M�, B ∼ 100G, Ṁ ≈ 10−(8−6)M�yr−1,

L ≈ 102−4 L�, rj ≈ 100−1pc, (7)

for quasars and µ-quasars respectively (Blandford et
al. 1990; Carilli et al. 1996; Lovelace & Romanova
1996; Robson 1996; Reipurth, Bally, & Devine 1997;
Ferrari 1998; Koide, Shibata, & Kudoh 1998; Ca-
menzind 1999; Ford & Tsvetanov 1999; Meier 2002;
Vilhu 2002; Wu, Stevens, & Hannikainen 2002;
Cherepashchuk et al. 2003; Smirnov et al. 2003; Cal-
vet et al. 2004; Mendoza, Hernández, & Lee 2004;
Mirabel 2004; Trimble & Aschwanden 2004).

From equation (2) it is found that

Π6 := Π
3/2
2 Π3 =

(

GM

c2

)3/2/ √
Mc2

B
. (8)

This relation defines a length rj given by

rj ∝
M1/3c2/3

B2/3
≈ 102

(

M

M�

)1/3(
B

1G

)−2/3

pc. (9)

For typical extragalactic radio sources and µ-
quasars it follows from equations (6) and (7) that
rj ∝ 104 pc and rj ∝ 10 pc respectively. These
lengths are fairly similar to the associated length of
these jets. In other words, if we identify the length
rj as the length of the jet, then a constant of propor-
tionality ∼ 1 is needed in equation (9), and so

rj ≈ 100

(

M

M�

)1/3(
B

1G

)−2/3

pc. (10)

Since equation (8) is roughly the ratio of the
Schwarzschild radius rS to the jet’s length rj, then
Π6 << 1, i.e.

Π6 =

(

Bl3/2
) (

GM2/l
)3/2

(Mc2)2
<< 1, (11)
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which in turn implies that

B <<
c4

G3/2M
≈ 1023 (M/M�)

−1
G. (12)

The right hand side of this inequality is the max-
imum upper limit for the magnetic field associated
to the accretion disc around the central object. For
“extreme” micro-quasars like SS 433 and GRB’s the
magnetic field B

∼

> 1016 G, so that this upper limit
works better for those objects (Meier 2002; Trimble
& Aschwanden 2004).

From equation (2) it follows that

Π7 ≡
Π1

Π2Π2
3

=
LṀ

B2M2G
,

and so

L ∝ 10−7

(

B

1G

)2(
M

M�

)2
(

Ṁ

M�yr−1

)−1

L�.

(13)
For the case of quasars and µ-quasars, using the

typical values of equations (6) and (7) it follows that
the power L ∝ 1015 L� and L ∝ 108 L� respectively.
In order to normalise it to the observed values, we
can set a constant of proportionality ∼ 10−6 in equa-
tion (13). With this, the jet power relation is given
by

L ≈ 10−13

(

B

1G

)2(
M

M�

)2
(

Ṁ

M�yr−1

)−1

L�.

(14)

3. CONCLUSION

Astrophysical jets exist due to a precise combina-
tion of electromagnetic, mechanic and gravitational
processes, independently of the nature and mass of
their central objects.

Here we report the dimensional relation between
a few important parameters that enter into the de-
scription of the formation of an astrophysical jet.

Of all our results, it is striking the fact that the
jet power is inversely proportional to the accretion
rate associated with it. This is probably due to the
following. For a fixed value of the mass of the cen-
tral object (in any case, for the time that accretion
takes place, the mass of the central object does not
increase too much) when the accretion mass rate in-
creases, then the magnetic field lines anchored to the
plasma tend to pack up, meaning that the field in-
tensity increases in such a way as to get the correct
result given by equation (14).

We would like to thank S. Setiawan for useful
discussions about jet power and their association
with gravitational effects. S.M. gratefully acknowl-
edges support from DGAPA (IN119203) at Uni-
versidad Nacional Autónoma de México (UNAM).
M.H.E acknowledges support from CONACyT
(196898/217314).
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